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Abstract

This paper presents a fixed-time integral sliding mode control scheme for a nonholonomic wheeled mobile robot
(WMR). To achieve the trajectory tracking mission, the dynamic model of a WMR is first transformed into a second-
order attitude subsystem and a third-order position subsystem. Two novel continuous fixed-time disturbance ob-
servers are proposed to estimate the external disturbances of the two subsystems, respectively. Then, trajectory
tracking controllers are designed for two subsystems by utilizing the reconstructed information obtained from the dis-
turbance observers. Additionally, an auxiliary variable that incorporates the Gaussian error function is introduced to
address the chattering problem of the control system. Finally, the proposed control scheme is validated by a wheeled
mobile robotic experimental platform.

Keywords: Wheeled mobile robot, trajectory tracking, disturbance observer, fixed-time stability, integral sliding mode
control

1. INTRODUCTION

During the past decades, the wheeled mobile robot (WMR) has attracted extensive attention as it is widely
used in various fields. The research on the WMR mainly includes robot positioning, motion planning, and
motion control, among which the motion control is a fundamental problem. There are three main parts of
the motion control, including point stabilization, path planning, and trajectory tracking!!!. The trajectory

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0

£ International License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, shar-
ing, adaptation, distribution and reproduction in any medium or format, for any purpose, even commercially, as long as you
give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate
if changes were made.
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tracking control is a significant field in motion control, which has been studied extensively in recent years 2.
In practical engineering applications, a WMR is a highly coupled system with nonholonomic constraints and
external disturbances. Hence, it is significant to design an anti-interference trajectory tracking control scheme
with superior performance. At present, the design of the tracking controller of a WMR is mainly based on two
types: one is to consider only the kinematic model *!, while the other is to design on the basis of kinematic
and dynamic models!*. The kinematic model-based control only considers the linear velocity and angular
velocity as the control inputs. Compared with the kinematic model, the introduction of dynamic models can
solve the external disturbance problem and the crucial nonholonomic constraint problem [*!.

In ¢, the system with nonhonolomic constraints was transformed into an extended chain system by coordi-
nate transformation. On this basis, some scholars have designed the trajectory tracking control schemes by
transforming the kinematic model of a WMR into a chain structure”). In practice, there is a problem called
“excellent velocity tracking”[®) when designing a trajectory tracking controller only based on a kinematic sys-
tem. Thus, it is more reasonable to take the force or torque as inputs of the control system instead of the
speed. Meanwhile, external disturbances can be further taken into account. Nevertheless, the design process
of the controller that simultaneously incorporates both the kinematic and dynamic models is complicated.
The work of Zhai and Song!®! transformed the dynamic error system into second-order and third-order sub-
systems. And an intermediate variable related to the position error is introduced to tackle the problem of
constructing a control method for a third-order system using the terminal sliding mode control. However, the
aforementioned control schemes can only achieve finite time stability. It is noteworthy that the upper limit of
the convergence time is unknown and dependent on the initial states of the control system. To overcome this
problem, fixed-time stable control methods are proposed '), In reference'!), a new integral sliding mode-
based control (ISMC) scheme was developed and applied on the dynamic model of the WMR to enable the
WMR to track the desired trajectory in a fixed time. However, there exists the singularity problem, making the
WMR unable to track the arbitrary trajectories and limiting its practical application when the desired angular
velocity is zero.

In the practical motion environment, there are external disturbances and uncertainties that can deteriorate the
performance of the control system. To cope with the problem, an observer-based control scheme is an efficient

method with disturbance-rejection performance 2],

The traditional observers can only achieve asymptotic
stability of the observation errors, whereas the finite time disturbance observers were designed to improve
the performance of the observer('?]. On this basis, the fault-tolerant attitude control problem of spacecraft
under external disturbances was solved by the introduction of a continuous finite-time observer 4! which
also restrains the chattering phenomenon. Zhang et al. put forward a novel continuous practical fixed-time
disturbance observer and applied it on a WMR, which can not only avoid the chattering problem but also
improve the ability to attenuate disturbance '), Different from the work of Zhang, the Gaussian error function,
which is sometimes called probability integral '), can also be used to develop a control scheme that improves

the chattering problem [7],

Motivated by the above discussions, an integral sliding mode-based fixed-time trajectory tracking control
scheme is proposed by combining the kinematic model with the dynamic model of a WMR in this paper. (1)
A continuous fixed-time disturbance observer using the Gaussian error function is proposed, which avoids
the chattering problem and estimates the external disturbance of a WMR accurately. (2) An auxiliary variable
incorporating variable exponential coefficients is introduced to simplify the design process of the controller
for the third-order subsystem and avoid the singularity problem simultaneously. (3) The reliability and effec-
tiveness of the designed control scheme are verified by a comparative experiment conducted on a wheeled
mobile experimental platform.

2. PRELIMINARIES AND PROBLEM STATEMENT
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2.1. Preliminaries

Lemma 1 '8/ Consider the following system as
X = f(x), x(0) =x¢, x €R (1)

Ifthere exists a positive definite Lyapunov function V (x), which satisfies V(x) < —m V4 (x) —n;V?(x) + o, where
mi,ny, and o are all positive constants. 0 < a < 1,b > 1 are real numbers. Then the origin of the system (2) is

fixed-time stable, and the settling time is bounded by t; < mlﬁ(ll_a) + nlﬁ(lb_l) with0 <9 < 1.

Lemma 2 "9 The Gaussian error function is defined as follows:

T

erf(x) = % /0)C 27 dt (2)

where e is the natural constant. If 0 < x < 1, then the Gaussian error function will satisfy %x <erf(x) < 2x.

Lemma 3 ") For x € R and i > 0, one gets the following chain of inequalities: xtanh() <xerf(3) < |x].

Lemma 4 2%/ The following inequality will hold |x| — £ < xtanh(kx) for any k > 0 and for any & € R, where

e=e D Then, & = 0.2785 can be obtained.

2.2. Dynamic model of WMR

A nonholonomic WMR system is shown in Figure 1. It consists of two balance wheels and two driving wheels,
and the line between the balance wheels is perpendicular to the line between the driving wheels. The distance
between the driving wheel and the barycentric coordinate is R, and r is the radius of the driving wheel. The
position and attitude control is achieved by independent direct current motors, which provide the appropriate
torques to the driving wheels. One assumes that the center of mass of the WMR coincides with the geometric
center. Then, the dynamic model of the WMR is expressed in the form of (21]

X =vcosd
y=vsinf
0=w (3)

Jw=u+d;

my =uy+ds

with u; = Iri(rl - 1), and up = %(Tl + 12). 71 and 7, present the control torques. v and w are the linear and
angular velocities of the WMR, respectively. m denotes the mass, and J the moment of inertia. (x,y) is the
actual coordinates. 6 is the orientation of the vehicle counterclockwise from the positive direction of the X
axis. (%, y,6) denotes the motion of the WMR. d; and d, represent the external disturbances.

The reference trajectory is defined as
X, =v,cos6,
Yy =V, sind, (4)
0, = w,

where x,, y», and 6, denote the position and attitude states of the virtual WMR, respectively.

Assumption 1: Suppose w,, @, v,, and v, are satisfied with |w,| < w;, .., 0] < w1, v/ < vy, And

[Ve| < Vi, Where wy,, W1, Vi add vy, are positive constants.

max
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Driving wheel

[
»

X

Figure 1. Physical model of a WMR. WMR: wheeled mobile robot.

Assumption 2: Suppose the dy, d», and their derivatives exist with bounds, which is given by |d;| < ki, |d2| <
kom, where ky,, and k»,, are all positive constants.

Then, the tracking errors of the WMR are expressed as

Xe cos@ sinf O X =X,
Ve | = —sin@ cosf 0 y=—vyr |. (5)
0, 0 0 1 0-0,

Furthermore, the error dynamics system could be transformed in the form of

Xe =Wy, —Vv+v,.cos6,
Ve = VpSinf, — wx,
O, =w—w, (6)

Jw=u +d;

mv =ur+ds

To simplify the whole design process, the system (6) can be divided into two subsystems, which contain a
second-order subsystem:
0, = w - w,
(7)

Jw =uy +d

and a third-order subsystem:
Xe =Wy, —v+v,.cosb,
Ve =V, 8in 0, — wx, (8)

my =uy+ds

3. FIXED-TIME TRAJECTORY CONTROL

In this section, a fixed-time sliding mode control scheme is developed to realize the fast and high-accuracy
trajectory tracking control of a WMR under external disturbances. Firstly, a fixed-time disturbance observer


http://dx.doi.org/10.20517/ces.2023.14

Ma et al. Complex Eng Syst 2023;3:10 | http://dx.doi.org/10.20517/ces.2023.14 Page 5 of 14

and a new fixed-time sliding mode surface are proposed for the second-order subsystem (7). On this basis, a
fixed-time controller is constructed to make the error variables, 6, and 6,, converge into a small region around
the origin. Then, a fixed-time controller is developed for the third-order subsystem (8), which guarantees that
the system state variables, x,, y., and v, are all uniformly ultimately bounded, and the tracking errors, x, and
Ye> can converge into a small region around the origin in a fixed time.

3.1. Tracking control laws design for the second-order subsystem
3.1.1. Fixed-time disturbance observer
Firstly, for the attitude error subsystem (7), define an auxiliary variable as

Sl =w— ] (9)

where @ satisfies

1
Wy =jul+lneff(§1)+112|§1|y} erf(¢1) (10)

The parameters /;; and [, are positive constants with 7;; > ky,,/J. Let variable exponential coefficient y; =

2
lj(:z?cz with Ap and pg satisfying 0 < g < L and 1+ pg < Ao.
1

Theorem 1 For the second-order subsystem (7), if the disturbance observer is constructed as

dy = J(ln erf(s1) + lials " eff(§1)) (11)

then it can estimate dy accurately in a fixed time. That is to say, the observation error d, = dy — dy can converge
into a small region within a fixed time.

Proof of Theorem 1 Select a Lyapunov function as V, = ¢?, differentiating it, one has
Vo =2¢1(0 — 1)
= 25‘1(;(“1 +dp) - (;ul +lerf(gr) + linlsi " erf(gl)))
=26 ( —lierf(s1) = Lol erf (1) + %dl)

1
= —2(111§1 erf(¢1) — jgldl +liagils]” erf(s‘l))

(12)
1
< —2<111§1tanh(§1) - j§1d1 +1261ls1]" erf(§'l))
k
< —2(111|§1| G %Icll +1lsilst|! erf(cl))
< =2plsills1 1 erf([g1]) + 2111 €

= =2lpls1 " erf(s1]) + 20116

where € is a positive constant.
] 2
Case 1 When V, > 1 and || > 1, one has erf(|¢;|) > erf(1) and 1+Z—§22 > 1;%
057

rewritten as

> 1. Then (12) can be

o4y
“2(Lperf(l) = I1yer)|gy| 0"
Ap+pp+! (13)
“2(lpperf(1) - 1)V,

Va

IA

IA

As lyperf(1) —Ij;6; > 0and y; = ’;%‘;ffl:)l > 1, then all the solutions of {V, > 1} will reach the set {V, < 1}
1

2l erf(1)—l1e)(71—-1) "

within a fixed time 77 <
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Case 2 In the converse case V5 < 1, one has

Vo < =2llsillsi " erf([si]) + 201 € (14)

!
As 1 +,uogf > 1and |¢| < 1, it can be obtained that min (|¢1|”") > min (|g1|/10§f) = e
Lemma 3, then (14) is converted into the following form

. Considering the

Vo < =2l2ls1lls1 " tanh(|s1 ) + 21 1€

<2lplsillsi +2lnls11M e + 21116

< 2Uplsiller™ +2hae + 2116

< =2lnlsi " + 2l e + 2ne (15)
< —21126%’0|§1| +2hhe +1lne

< —blvj + €

< —lbVy — (1= Li3)byVy +¢

_ 1

with b = Zleeg,andg =2l1€1+2r6. When 0 < l|3 < 1,and €—(1—113)b1V2 >0, (15) can be Simpliﬁed
. 1

as Vo < =113b1V, . Then, the solution of V; will reach a small set A;, which is defined as A = {g1 [Vi(s1)

IA

& 2 il . . 2
(m) } within a settling time 7, < VI
In view of the above two cases, the auxiliary variable ¢; will converge into a small set A} = {gl Vi(s1) <
(W:IH))Z} within settling time 1y = 17 + 2.
Then, the disturbance observation error
dy = dy - dj
(16)

=d, - J<111 erf(s1) + lials " erf(S‘l))

The disturbance d is bounded according to Assumption 1. Thus, the disturbance observer (11) can estimate

d) accurately, and the observation error d) can remain in a small set A, = {g1|lg1| < kim +J(Lyerf(A)) +

A2
5.
1+poA7

o] A]?! erf(Al))> after a fixed time, where y; =

3.1.2. Fixed-time sliding mode controller

For the subsystem (7), define w, = w — w,. A fixed-time integral sliding mode surface is introduced as
follows 2?]

S1= wet /O (ki1 (10077 + [0, + kia([we P + [we|4))dr (17)

with0 < p; < 1,¢; > |, and (i = 1,2). For any x € R, @ € R", the notation is defined as [x|* = |x|*sign(x).
Based on the sliding mode surface as (17), the fixed-time controller is designed as follows:

w1 = =d (ki (10171 +1007) + ki ([w ) + [w 1) + ar[s1)7 + a1 | + azerf(s) =) = di - (19)

where @;, ky;, (i = 1,2) are positive constants, @3 satisfies a3 > k‘T'" In addition, p;, ¢;, (i = 1,2,3) are all
positive odd integers with 0 < p; < 1,¢; > 1.

Theorem 2 For the second-order system (7), if the fixed-time controller is constructed in the form of (18), then
the real sliding mode variable will converge into a small set within a fixed time.
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Proof of Theorem 2 Choose a Lyapunov function as V5 = 4s? and refer to Lemma 2 to Lemma 4, the time
derivative of V3 is

Va = 51 (@0 + k11 (10171 + 101) + k12w 7 + [, 1)

51 (G4 ) =y 4 K (0177 + 1019) + o (el + T )
=i~ s 17 = o5 - aserf(s) + 5di) (19)

1 -
1 1

< —aq]s1|P = anls|Pt — azs; tanh(sy) + j|51”d1|
< —2[7361’1‘/2133 — 2(;3(1'2‘/;_3 +l§1

_ pa+l

— - 3+1
where p3 = 2=, g3 = £

2 b
order system (7) is fixed-time stable. The sliding mode surface s; will converge into a small region Az =

= azd) with 9 being a positive constant. By using Lemma 4, the second-

L L
{sl [V(s1) < min{(afzzﬁ3 )73, ((lz'“"zzq3 )73 }} around the origin in a fixed time #,, which is determined by #,, <
1

1 . .
a0 T Bl Then, one can obtain that variables 6, and w, converge to zero along the real

sliding mode in a fixed time 23],

3.2. Tracking control laws design for the third-order subsystem
After the angular error 6, converges to zero according to Theorem 2, one can obtain that sin 6, equals zero,
and cos 6, equals 1. The system (8) can be simplified as

Xe = WrYe —V+V,

Ve = —WrX, (20)

mv =u)+d

3.2.1. Fixed-time disturbance observer
Introduce the following auxiliary variable for the simplified third-order subsystem (20)

2=v-—m (21)
where @, satisfies
. 1
w2 = —uy+ Lyerf(¢2) + 1|62 | erf(¢2) (22)
367 . P .
where y, = #ﬁ‘gz, and A3 and p3 are integers satisfying the constraints: 0 < p3 < 1, I + u3 < A3. The
1

parameters /1 and I, are positive constants with /o) > ky,, and Iy > 0.

Theorem 3 For the simplified third-order subsystem (20), a fixed-time disturbance observer is developed in the

form of

dy = m Loy ext(s2) + Lzl erf(s2)) (23)

then it can estimate dy in a fixed time, and the observation error d> = dr — d> can converge into a small region
around the origin within a fixed time t,,.

Proof of Theorem 3 Similar to the proof of Theorem 1.

3.2.2. Fixed-time sliding mode controller
For the third-order subsystem (20), introduce the following auxiliary variable:

t
E=x, +/ (/ll erf(x,) — Ay erf(y,) + A3x, v, erf (ye) + ki |x.|”* erf (i—:))d‘r (24)
0
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where 4 Ay, ki, and €3 are positive constants, 1o < A; erf(1). Let y3 = li:[—jj:z with A4 and u4 being integers
and 0 < pyg < 1, 1+ pg < A4.

Select a fixed-time sliding mode surface as:

o= [ (ko (TEP 41 + kaa (TE17 + 1617 Jor (25)

where k7 and &y, are positive constants, 0 < p; < 1 and ¢; > 1,i = 4,5 are positive odd integers.

Theorem 4 For the third-order subsystem (20), if the fixed-time sliding mode surface is chosen as (25) and the
fixed-time controller is designed as (26),

I :m(v', + Yo + Yo + h(Xe, ye) + kay ([E]P* + [£]94)

. (26)
ey (TE1PS + TE19) + i 5207 + Ball52) %0 + B exf(s2) ) +

then the sliding mode surface s, is fixed-time stable, which will converge into a small region of origin within settling

s 1 — 3 e
time ty, < o5 s+ osme - M(Xesye) = Ay erf(xe) = perf(ye) + Asxeye erf(ye) + ki e 7 erf (%),

in which B1, B2 are positive constants, and pg, q¢ are positive odd integers satisfying 0 < pe < 1, g6 > 1.

Proof of Theorem 4 The proof process will be conducted in 3 steps: (1) After the angular error 6, converges
to zero according to Theorem 2, 55 and the auxiliary variable ¢ can converge into a small region around the
origin within a fixed time; (2) The error variables x,, y, can converge into a small region around the origin
within a fixed time; (3) It should be proved that x, and y, do not escape to infinity before the angular error 6,
converges to zero.

Step 1 Select a positive Lyapunov function Vj = 352, differentiating it and substituting (24)-(26) yields to
V4 = 85287
| BN
=s52( = Bil52]7° = Ba[52]9 — By erf(sz) + Z(dz - d))

1 -
< —BilsalPt = Balsa |96t — Basyerf(s2) + Eszdz

| (27)
< —ﬂl |S2|p(’+1 — ,32|S2|q6+1 — ,33&2 tal‘lh(S2) + —Szciz
m
1 By
< —BilsalPt! = Balsa]9H! - Blso| + — |52/l
< 2P VIS — 285 By VI0 + 4,

where pg = ’”’TH, ge = %, > = B39, with 9> being a positive constant. Using the Lemma 4, the third-order

1 1
subsystem (14) is fixed-time stable, and s, will converge into a small set Ay = {sz [V (s2) < min{( 01023,; =) 7, (a;ﬁ) P6 } }

around zero in the fixed time 7;,, which is determined by

1 1
, < —— —
@g2Po (1 — pg)  @s296¢2(qe — 1)

(28)

Ly

Then, s, will hold in a small region of origin, which guarantees a real sliding mode surface!>*]. Therefore, the
auxiliary variable ¢ and its derivative & will also converge into the origin along the sliding mode surface (24!,

Step 2 According to (25), when the auxiliary & = 0, one has

X
xe = —Arerf(x.) + Ay erf(y.) — A3xeye erf(ye) — ki|x.|” erf (6_2) (29)
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Choose a Lyapunov function as Vs = x2, the time derivative of Vs is
V5 = 2xgxe
= _2(/11xe erf(x.) — Ax, erf(y,) + /13)53)76 erf(ye) + kilx.|” erf(&))
€3
(30)

IA

(el = dolrel = i+ Kl e ()

IA

X,
2 kieshrel el erf (1) - )

where ¢, is a positive constant. The rest of the proof is similar to the proof of Theorem 2. There exists a constant
0 < 3 < 1 such that the variable x, will reach and keep in a small region As around the origin within a fixed
time 75:

1 1

A + Ay
kigse 2 2kie(gpn — 1)

T <

(31)

Then, it can be obtained that the %, is a uniformly continuous form (29). Employ Barbalat Lemma (25] to prove
X, — 0ast — oo, then X, is bounded after the variable x, converges. Hence, there exists a small region As
around the origin that y, can converge into As.

Step 3 Before the angular error 6, converges to zero, 6, # 0, such that subsystem (13) cannot be simplified
as (19). It should be proved that system state variables x,, y., and v are bounded before the angular error 6,
converges to zero.

Consider the following bounded function:

1
Ve = —x? +-y?

FVet [v] (32)

The time derivative of V is
Vo < |xellxe] + |yellyel + V]
< [xellXel + [yellyel + m(wry'e + | 1(xe, ye)| + ka1 (€17 + |€]%) + koo (€175 + |€]%)
|d, |
RISl + alsle) +

< Ixel el + [yellyel +m(|y'e| + kot (€174 + [€]%) + koo (I€172 + 1E1%) + BilsIh® + Bals]3

: . . ki Aglxe| x| 2|x|
425 (el [yl + el el + el el el) + — 20 e (14 =2 )
L+ poxe 1+ praxg (33)
2k1 A
+ xe |73 |% )+—
= e be) +

< fxefbe| + [yellyel +rn(|y'el + kot (€174 + [€]%) + koo (€172 + 1E1%) + BulsIy® + Bals]y’

) . . k14 da_y
+/13(|xe||Ye| + [xel|Vel + |xe||ye||ye|) + ?(1 +2|xe ) |xe| s x|

+

2ky A ||
el el + <2
7
Let 7 = Vx2+y2+|v| > n > 1, then one has the following inequalities: |x.| < 71, |y.| < n1,|v| < 7.
/174
Furthermore, there exist positive constants a;(i = 3,4),b;,¢;, (I = 4,5,...,9), which satisfy |x.|* < a3n,

Ay .
|xe|#4 < agmy, |$2|P8 < ba+ cany, |52|76 < bs + csny, |E1P4 < bg + cons €194 < by + comy, |E|PS < bg + cgn,
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|£195 < bg + cony. According to Theorem 3, the state variable 6,, w will converge into the origin within a fixed
time f,,, then one has 6, < 0, |w| < Wy, |dy| < kg. Further |y.| < || < v
(33) can be simplified as

+ w,,n can be obtained. Then,

max

mk1/14

Vo < (2n1 +2mAs + 17 +m)(vi,, +wnn1) + (Vi + Om]1)aan

kal kd
+ a3t (Vi + Omi1) + —
e\ m
2
2mkiagd 2 k 34
< ﬁ2(2\)1“]“ + 3w, +2mAz +m+ M(vlmax +wp) + st (Vi T+ a)m)) (34)
2 Ha e
k
+2mAzvy,,, + &
m
< KVg+ 01
where K and o, satisfy the following constraints:
2mkiasd 2 k
K = 2(2v1max + 3w +2mAy +m o+ T )+ Bl wm)) (35)
i er
k
01 = 2m/13v1max + Zd (36)
m

On the contrary, if ; > 1, there exists a positive constant g,, which satisfies Vg < 02. One has Vs < KVg + 03
for the state variable x,, y., v. Further, before the angular error 6, converges to zero, one can obtain

3 3
Ve < (Vs(0) + %)e’“ - % (37)
Remark 1 The auxiliary variable & in (24) can reduce the order of the third-order subsystem, which simplifies
the process of the controller design. In addition, the controller developed in this paper can guarantee that the
system state variables converge in a fixed time and the chattering problem is solved by using the error function
erf(-). Furthermore, utilizing the variable exponent coefficient in (24) avoids the common singularity problem.

4. EXPERIMENT RESULTS

To verify the effectiveness of the proposed control scheme, the trajectory tracking experiment is implemented
on a Quanser QBot 2e mobile robot platform composed of a QBot 2e mobile robot, an OptiTrack system with
12 infrared cameras, and a computer. The experimental platform is presented in Figure 2. The whole closed-
loop experiment structure is as follows: The simulation diagram is compiled on the host computer equipped
with MATLAB/Simulink to transform the simulation into an executable file. And the control scheme is written
to the Gumstix computer embedded in the QBot 2e through wireless communication protocol. The real-time
position information of the QBot 2e is obtained by the OptiTrack positioning system. Then the host computer
calculates the information and transmits them to the embedded computer of a WMR for the input of real-time
calculation of executable files. So as to complete the trajectory experiment of the mobile robot.

In the experiment, the physical parameters of the QBot 2e are chosen as follows: m = 4 kg, J = 2.5 kg - m?,
The desired reference trajectory is set as x, = cos(0.27) m, y, = sin(0.2¢) m. The initial values of the reference
and practical trajectories are [x,(0),y,(0),6,(0)]T = [1,0,7/2]T, [x(0),y(0),6(0)]" = [0.7,-0.02,x/6]T,
respectively. The main relevant parameters of the proposed control scheme are as follows: k; = 0.001,
ki1 = k12 = 0.9, kp; = 0.05, k2 = 0.06, €, = 0.00001. Choose the parameters @) =2, @y = 0.5, 81 = 52 = 1
for the sliding mode surface s; in (17) and s, in (25), respectively.
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Figure 2. The Quanser QBot 2e Mobile Robot Platform.
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Figure 3. The comparative trajectory tracking experiment results of the WMR. WMR: wheeled mobile robot.

It is obvious that the WMR trajectory tracking mission can be achieved by the designed control method as
plotted in the red track in Figure 3. The time response curves of the sliding mode surfaces, 51 and s, are
shown in Figure 4, which converge very quickly. To illustrate the excellence of the proposed control method, a
comparative experiment on the trajectory tracking of WMRs is conducted between this work and reference (¢,
The control inputs of the designed control scheme and reference are shown in Figure 5, which are nonsingular
and continuous. Figure 6 illustrates the tracking errors in this experiment, which have a big fluctuation due to
the influence of external disturbances. In the experiment, the external disturbance is from the experimental
environment, such as uneven ground. The observed disturbance values are shown in Figure 7, which indicates
the effectiveness of the proposed disturbance observer in this work. From the experimental results, it can
be concluded that the designed control scheme has the robustness against the external disturbance and high
tracking accuracy.

5. DISCUSSION

In this paper, a universal control scheme for fixed-time trajectory tracking based on ISMC is put forward.
The dynamic model of the WMR has been transformed into two error subsystems. Then utilizing the fixed-
time technology and ISMC, a new fixed-time disturbance observer has been proposed and applied on the two
error subsystems. Furthermore, an observer-based tracking control method has been proposed to achieve
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Figure 4. Comparative results of sliding mode surfaces in the experi- Figure 5. Comparative results of control torques in the experiment.
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Figure 6. Comparative results of tracking errors x.,y., 6. in the experi- Figure 7. Disturbance estimation d, and 4, in the experiment.
ment.

a trajectory tracking mission for the WMR, and guarantee the tracking error converges within a fixed time.
Finally, the proposed control approach has been verified by a mobile robotic platform, and the experimental
results show fine control performances. Our future work will focus on how to realize the formation tracking
control of multi-wheeled mobile robots in both theory and experiment.
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Abstract

We propose reinforcement learning (RL) architectures for producing performant Takagi-Sugeno-Kang (TSK) fuzzy
systems. The first employs an actor-critic algorithm to optimize existing TSK systems. An evaluation of this approach
with respect to the Explainable Fuzzy Challenge (XFC) 2022 is given. A second proposed system applies Deep Q-
Learning Network (DQN) principles to the Adaptive Network-based Fuzzy Inference System (ANFIS). This approach
is evaluated in the CartPole environment and demonstrates comparability to the performance of traditional DQN.
In both applications, TSK systems optimized via RL performed well in testing. Moreover, the given discussion and
experimental results highlight the value of exploring the intersection of RL and fuzzy logic in producing explainable
systems.

Keywords: Explainable Al, Fuzzy systems, Takagi-Sugeno-Kang fuzzy systems, Adaptive neuro-fuzzy inference sys-
tems, Reinforcement learning

1. INTRODUCTION

Fuzzy sets have been introduced in!') as a mathematical framework for modeling under uncertainty. Fuzzy
systems employ a fuzzy inference engine to solve control problems in various frameworks and applications >,
In a majority of fuzzy control applications, a dynamic model joins a fuzzy system to create a dynamic fuzzy
control system /. However, there are various applications where dynamic models are either not available or
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too complex for effective use in the fuzzy setting. Such applications tend to include video games and other
interactive environments /.

Reinforcement learning (RL) comprises a collection of learning algorithms that allow optimization of various
control systems. RL trains agents to adapt to a given environment via a reward system [°/. The agent takes action
by assessing the state of the environment, and RL allows the agent to maximize the expected reward. Such
algorithms are well suited for complex environments; RL has shown great success in games!”' and industrial
applications®.

Deep RL®) has recently seen significant developments as agents have successfully outperformed humans in
games such as Go!”), Poker!'°), and video games!'!). This approach also finds effective employment in appli-
cations such as autonomous vehicles!'?/, UAVs /"], and fine-tuning of large language models!'*). However,
RL models and related deep learning architectures, in particular, tend to have a significant drawback in their
relative lack of explainability.

Explainable machine learning is a subject of extensive research!'>~'7] concerned with rendering relevant al-
gorithms more understandable, transparent, and trustworthy. Explainable fuzzy AI has afforded significant
developments in this domain due to characteristics such as amenability to visualization and expression in nat-
ural language ['*-2°), Notably, literature discussing directed RL in the setting of explainable fuzzy Al proves
scarce despite recent advancements in the former and a capacity for mutual benefit; exploration of genetic

algorithms proves more common historically 223,

To aid in developing RL algorithms capable of producing explainable models, fuzzy RL-based architectures >+
show promise. Fuzzy Q-learning was proposed and studied in a series of research papers?*?”) primarily
concerned with performance in control applications rather than explainability in general. Additionally, these
explorations are disconnected from recent developments in deep RL. This presents a gap in the literature.
However, in ), the author developed Takagi-Sugeno-Kang (TSK) fuzzy systems with successful applications
in various environments where Deep Q-Learning Network (DQN) (2] has illustrated effectiveness. Similar to
an Adaptive Network-Based Fuzzy Inference System (ANFIS) >}, this approach leverages RL to train an agent

in these environments and shows the promise of such experimentation.

This paper offers further practical study of RL-based TSK fuzzy systems and ANFIS architectures as solutions
for developing explainable Al The latter is compared to traditional Deep Q-learning algorithms. After a pre-
liminary section where we provide an overview of the conceptual building blocks of our systems, we discuss
the successful and winning application of RL-based TSK systems to the Asteroid Smasher framework and cor-
responding 2023 Explainable Al competition*'!. Additionally, we offer a comparison of ANFIS and DQN
in the CartPole environment. The value of the relationship between RL and fuzzy systems to explainability is
highlighted and discussed in both cases.

2. PRELIMINARIES

2.1. Fuzzy systems
Fuzzy sets are defined as functions A : X — [0, 1] and are interpreted as sets with a continuum of membership
grades!!. They are used in modeling under uncertainty, especially in a rule-based environment.

Fuzzy rules describe an imprecise cause-effect relationship between certain variables controlling a given system.
Fuzzy rules are of the form
If x is A then y is B

where A and B are fuzzy sets on domains X and Y, respectively. Fuzzy rules can be organized into fuzzy rule
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bases
If x is A; then y is B;

with antecedents A; and consequences B;, i = 1, ..., n being fuzzy sets.
Mamdani fuzzy systems were introduced in 2/, with the goal of developing fuzzy rule-based control systems.
Mamdani fuzzy systems defined by the above rule base evaluate a fuzzy output as
B'(y) = Vi, Ai(x) A Bi(y).
The output of the system is then calculated using a defuzzification as an example
J, B'(y) - ydy
J, B'(n)dy

To model more complex systems, one can define systems with multiple antecedents and connect them with an
aggregation operator.

COG(B') =

TSK Fuzzy Systems have been introduced in >/ and are based on rules with a fuzzy antecedent and a singleton
consequence
If x is A; then y = y;.

In this paper, we are using a rule with a singleton consequence; however, TSK systems can also be defined with
linear or higher-order consequences. The output of a TSK fuzzy system can be calculated as

2y Ai(x) - yi
TSK(x) = W
In the case of multiple antecedents, the rule base is modified as an example
If x is A; and y is B; then z = z;.
with the evaluation of the output being

w1 Ai(x) - Bi(y) - zi
ieg Ai(x) - Bi(y)

In the present paper, we use TSK fuzzy systems in the context of RL.

TSK(x,y) =

2.2. Reinforcement learning

2.2.1. Bellman’s Equation

Bellman equation, named after Richard E. Bellman for his work in[®! isan equation for controlling systems
based on states, rewards, and actions, which altogether allow us to compute the value for the state, i.e., the total

33]

expected reward in a given state, given by

V(s) = m;lx(R(s, a)+vy Z P(s,a,s")V(s).

V(s) is called the value of a state s. This function gets updated as the agent learns more information about the
state, especially which actions (a) yield the highest cumulative reward. The reward r is given for a state-action
pair and is not bound by any restrictions. vy is a discount factor, typically specified between 0 and 1, with a
common value of 0.99. vy is tuned to balance "near” and “far” rewards with lower values prioritizing immediate
rewards and higher values valuing future rewards more. P is the probability of ending in state s” (next state) by
taking action a when starting from state 5. V(s’) is the value of the next state. This recursive definition allows
policies to learn which actions to take on a given state to maximize the cumulative reward of future states.
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2.2.2. Q-learning

Q-learning**) is a model-free RL algorithm, which will learn the Q-values or the expected reward for a state.
Rather than attempt to model the environment, Q-learning aims to predict preferable actions to take in a
specific state by extending the Bellman Equation as

Q" (s,a) = Q(s,a) +a - (R(s,a) + y max 0(s',a) — O(s,a)).

Q7" are the new Q-values of the state-action pair. These new values get updated from the previous Q-values
and added to @, a learning rate, multiplied by the temporal difference (TD). The TD is the current reward of the
state-action pair added to the discount factor y multiplied by the maximum reward that can be earned from
the next state before the current value of the state-action pair is subtracted. The Q-function aims to update the
action that should be taken for a given state to maximize the cumulative reward.

2.2.3. Deep Q-learning

Common techniques for Q-learning include creating a Deep Neural Network (NN) for predicting the Q-
function followed by optimization via backpropagation. This model is known as a Deep Q-Learning Net-
work > and is a particular case of Q-learning that relies on a Deep NN architecture. This allows the agent to
learn continuous states, learn continuous values in discrete states, and generalize to states not yet seen. For
example, a simple Q-learning algorithm could involve creating a lookup table where each element is a state
of an environment such as Grid World®). However, such an approach does not generalize to more complex
environments such as StarCraft I11**); the practically countless number of possible states renders their storage
in an extremely inefficient table, and Deep Q-learning handles these tasks elegantly.

2.2.4. Improvements to Q-learning and Deep Q-learning

One very common problem with Q-learning is sampling inefliciency and over-estimation of the Q-values.
There are several methods to address these problems. Here, we will discuss experience replay, double Q-
learning, and actor-critic architectures.

3¢] allows Q-learning agents to be more sample efficient by storing transitions or collections

Experience replay
of states, actions, rewards, and next states. Instead of exclusively learning from a current state, agents sample
prior experiences. This allows the agent to revisit states it has already visited and learn more to speed up
convergence of the agent’s current policy. Popular and powerful extensions to experience replay for improving

sample efficiency include prioritized experience replay (PER)*”) and hindsight experience replay (HER) %,

Double Deep Q-Learning (DDQN) [39] is another technique to aid in the stability of training. A second model,
which is a copy of the original network, is offline (frozen) for a set number of training iterations. The target Q-
values are then sampled from the target network and used to compute the Q-values for the online (unfrozen)
network. One issue with DDQN is the tendency of the online model to move too aggressively towards optimal
performance and negatively impact the stability of training. To address this, a soft update, known commonly
as Polyak Updating*°/, is performed on the target network using the weights of the online model multiplied
by a small value. This form of weight regularization allows the target model to slowly improve over time and
prevents harsh updates to the learning.

An actor-critic RL architecture consists of an actor that acts out the current policy and estimates the current
value policy and a critic that evaluates the current policy and estimates the policy gradient using a TD evalua-
tion[*), The system also encompasses a supervisor that controls the balance between exploration (performed
by the actor) and exploitation (performed by the critic).
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3. REINFORCEMENT LEARNING WITH FUZZY SYSTEMS

RL in the context of fuzzy logic was introduced in **/ and based on the Mamdani framework. It was successfully
used in the CartPole problem. RL TSK fuzzy systems have been developed for various applications 2%2),

3.1. Reinforcement learning TSK fuzzy system

Aslearned behaviors in complex systems are often the result of intricate optimization processes, explainable RL
constitutes a challenging problem. However, the interpretability of fuzzy systems indicates the potential value
of a method of TSK fuzzy system optimization inspired by traditional Q-learning. In other words, a system
in which one approximates the Q function with a TSK fuzzy system>*) stands to offer some unique benefits.
This approach was successfully employed in applications such as a simulation in a simple discrete grid-world
environment or in continuous environments such as CartPole or Lunar Lander (2%,

The idea in the setting of a TSK-based Q-learning is to set the O function to be approximated by a TSK fuzzy
system, i.e.,
0(s,a) =TSK(s,a).

TD Q-learning equation is given by
Q(s.a) = Q(s,a) + «(R(s') +yQ(s'.a) - O(s.a))

When updating the parameters of a system in RL we can use the general equation

0
Wi =+ aR() 4705, @)~ 0(5,0)) 5o

with w;,i = 1,...,n being parameters of the system. As a result, we can update the parameters of the fuzzy
system using this approach in the context of a TSK fuzzy system as

OTSK (s,a)

wi =w; +a(R(s") + yTSK(s',a) — TSK(s,a)) T

Here, w; are the parameters of the fuzzy system. Just as in the case of RL, one may wish to mitigate instability
via techniques such as experience replay and the usage of an actor-critic environment.

To give a theoretical foundation to our proposed algorithm, we include here an initial discussion on conver-
gence. First, we observe that the Q-learning algorithm is known to be convergent ****/ under standard assump-
tions on the given Markov Decision Process (MDP). Additionally, NNs with various membership functions
are known to be universal approximators“>*’/. Combining the above results and the conclusions in*7**), we
can approximate the Q function by the output of the NN, which leads to the convergence of Deep Q-learning
models. It is known that TSK fuzzy systems are universal approximators***), i.e., they have similar approx-
imation properties to those of NNs. Together, the ideas above allow the conclusion that replacing the NN
in a DQN architecture with a TSK fuzzy system will retain the same properties as DQNs. In summary, the
TSK fuzzy system is an approximator of the Q function. Therefore, the Q-learning algorithm with TSK fuzzy
systems is convergent. The above theoretical motivation warrants a deeper investigation of the approximation
properties of RL TSK fuzzy systems as a topic for future research.

3.2. Case study: Reinforcement learning TSK system for Asteroid Smasher

3.2.1. Problem description

To test the algorithm, we created optimized TSK fuzzy systems through RL to play a variant of the game
Asteroids called Asteroid Smasher (see Figure 1). Developed by the University of Cincinnati for the Explainable
Fuzzy AI Challenge (XFC 2022), the game environment incorporates additional complexities to increase both
the difficulty and value of explainable automation. These include the addition of multiple agents, screen-wrap
for ships and hazards, and unique scenarios to test edge cases.
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Figure 1. Example of the Asteroid Smasher environment.
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Figure 2. Simplified overview of the fuzzy inference system's threat inputs and behavioral output.

While the primary metric for performance concerned the total number of asteroids destroyed, other metrics
included accuracy, number of lives lost, and execution speed. More importantly, the explainability of the
system proved crucial as the motivating factor for the test case. In pursuit of balancing AI explainability with
performance, TSK systems lending themselves to visualization and descriptions through natural language were
developed and optimized via the described learning algorithm.

3.2.2. System description
We created a base model comprised of fuzzy systems to serve as a foundation for optimization.

To balance score and execution time, each ship tracks distances and angles to immediate threats and potential
targets. These values take into account considerations such as screen wrap and object size. More importantly,
they serve as inputs to fuzzy systems that determine shooting, turning, and thrust behavior. A general overview
of this process is shown in Figure 2.

2.3. Learning algorithm
The employed algorithm for optimization approximates gradient descent by iteratively running scenarios and
altering TSK outputs to more closely resemble the best performer. This requires establishing a performant
objective function and additional hyperparameter tuning; the range of possible TSK output values, number
of iterations, and learning rate all vary based on configuration. However, the theoretical upside is a more
systematic approach to optimal performance when compared to approaches such as genetic algorithms. The
approach used for this project is described in Algorithm 1.
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Algorithm 1 Asteroid Smasher Iterative Learning

1. Initialize FIS
2. Set learning rate a
3. for each epoch do

4 Create/choose a scenario

5 Test scenario with the current FIS and save score in the interval [0, 1]

6: for i in range(k) do

7: Create a alteration vector h with adjustments to each TSK output parameter
8: Create a new fuzzy system by adding / to the baseline’s parameters

o Test scenario with altered fuzzy system and save score in the interval [0, 1]
10: end for
11 Calculate maximum score difference s = best — baseline
12: Create the new current FIS with current FIS = currentFIS + (a * s = h)

13: end for

In other words, we created a number of slightly modified fuzzy systems per scenario and borrowed slightly
from the alterations made to the best performer. The degree to which the modification is added to the baseline
is a product of the alteration, the given learning rate, and the difference between the maximum score and
baseline. Some stability was gained by adding the last condition; scores that were only slightly better appeared
to warrant proportionally smaller adjustments.

Scenario creation constitutes an important component of this process. For some problems, this may be trivial,
but others may require consideration of the problem, goal, and available resources. To train for the competition,
highly difficult and random scenarios with a very large number of asteroids were generated in lieu of a battery
of scenarios for reasons primarily related to ease of implementation.

3.2.4. Experimental results

Applying the discussed iterative learning method resulted in a story of minor but noticeable performance
increase across key competition metrics such as score, win rate in difficult scenarios, and number of successful
hits on asteroids.

Performance comparisons of the base model, the product of optimization, and a model where TSK outputs
were randomly initialized are shown in Figure 3 and Figure 4. It is important to note that, in this application,
a manually tuned agent served as the starting point of optimization rather than the randomly initialized one.

Even a sizable rolling average across epochs still illustrates notable instability. Part of this is likely attributable to
the randomness innate to the extreme training scenarios. However, testing methods similar to those described
previously for increasing the stability of RL may constitute a key area of further research.

3.2.5. Explainability

An advantage of the FIS is its ability to encapsulate complex behavior in an interface that deals in partial
truths and natural language; functions and interactions that would prove difficult to interpret otherwise are
meaningfully organized in comprehensible fuzzy sets and rules. More fundamentally, dealing with partial
truths can prove more familiar and intuitive than crisp logic to a human expert.

In this case, the developed systems are comprised of a natural language rule set and associated fuzzy sets that
lend themselves to visualization. Figure 5 illustrates this with plots of antecedent fuzzy sets and 0" order
outputs describing varying levels of ship thrust. Included is the associated rule set in which the relationships
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Figure 3. Comparisons of average game score and number of victories in challenging scenarios for the manually tuned model (base), the
product of reinforcement learning (RL), and randomly initialized models (random).
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Figure 4. Rolling averages of several performance metrics throughout training.

between inputs and outputs are encoded in natural language. Similar systems were employed to determine the
relative value of asteroids as targets and dictating turning and shooting behaviors.

As previously discussed, the explainability of the FIS in applications such as control systems is already well
established. Rather than further clarifying this, the described algorithm and Asteroid Smasher example instead
serve to delineate and test an alternative to more commonly employed methods for the optimization of existing
FIS-based architectures. Successful application here offers experimental evidence to join the relatively scarce
literature on developing fuzzy systems with RL as opposed to historically prevalent approaches such as genetic
algorithms.

3.3. Case study: reinforcement learning ANFIS for classic control environments

3.3.1. Introduction to ANFIS

The intersection of fuzzy logic and RL stands to offer more than an alternative method of post-hoc optimization
for the former: notoriously opaque NN architectures also stand to benefit from integration with explainable
fuzzy systems. In other words, neuro-fuzzy systems offer a means for taking advantage of the strengths of arti-
ficial NNs while peering a little further into the black-box models that find widespread use in RL applications
and elsewhere.

To bolster experimental results in this domain, we tested an ANFIS*) (Figure 6) on OpenATs classical control
environment CartPole!*'). An example of the environment is shown in Figure 7. The ANFIS extends the TSK
system by allowing the parameters of the fuzzy rules to be learned via gradient descent optimization rather
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Figure 5. Antecedent fuzzy sets, optimized TSK consequents, and associated rules for determining ship thrust.
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Figure 6. Example ANFIS Structure [°3] with 2 antecedents and 1 consequent.

than using fixed constants for the parameters of the antecedents and the consequences. Towards this end, the
ANFIS is combined with a NN to learn representations from the inputs, which are then fuzzified by the network.
Outputs of the ANFIS layers are calculated by multiplying the fuzzified output of the NN by antecedents of
rules. Then, the antecedents are multiplied by learnable parameters and summed to form the consequences.
In the case of multiple-consequent models where the output dimension is more than a single value, we used
a modified ANFIS structure: the Multioutput Adaptive Neuro-Fuzzy Inference System (MANFIS)[*?!. This
method creates a separate rule base for each output dimension but follows the defuzzification process as a

typical ANFIS. This process is shown in Figure 8.

A NN of abstract shape is used and can be configured as desired. After passing the input through the NN, the
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Figure 7. Snapshots of states for the CartPole [>'] environment.
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Figure 8. Flowchart for ANFIS model. NN output undergoes fuzzy rule evaluation and normalization. Separately, network output is trans-
formed according to learned 15* order parameters and multiplied by the normalized rule outputs. These values are summed and given as
output.

output is expanded in dimensions to match the number of rules. This is then passed through the fuzzy rules to
calculate their firing levels prior to normalization along each output dimension. Then, in the case of a 1*' order
ANFIS, the input is multiplied by a parameter, and a bias is added. If the 0" order ANFIS is used, the input
is passed along to the next layer. Next, the normalized firing levels are multiplied by the inputs to form the
rule evaluation. Finally, the output is summed along each rule base to form the final output with the correct

dimension.

3.3.2. CartPole-v1

The CartPole-v1 environment has four variables for the input: the position of the cart, the velocity of the cart,
the angle of the pole, and the angular velocity of the pole. The expected output has two actions: move left and
move right. The job of the models is to learn and maximize the Q-values for each state to achieve a maximum
possible reward of 500, where, in each frame, the agent gets a reward of 1 if the cart and pole are within the
min and max values for each respective field. A reward of 500 means that during 500 frames, the agent is able
to balance the pole. To perform an action in the environment, we take the action with the maximum Q-value.
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Figure 9. Comparisons between ANFIS DQN and DQN.

3.3.3. ANFIS DQN vs DQN

We compare the ANFIS DQN architecture proposed above with a standard DQN architecture. Both models
are equipped with a Double DQN structure with soft updates and have a similar number of trainable param-
eters; 17,410 for the DQN and 17,407 for the ANFIS DQN. Both models are also equipped with the same
optimization method, learning rate, etc., and trained for 100,000 iterations. The appendix contains parameters
and hyperparameters.

3.3.4. Experimental results
For testing the results of the two models, we look at the mean reward of 10 testing environments every 10,000
iterations. The goal is to have the agent hit a mean reward of 500 for all 10 test environments.

From Figure 9, we can see that both models can learn the environment. In some cases, we can see that the
ANFIS DQN model learns the environment quicker, such as in seed 9 and seed 42. While in other cases, it
seems to perform about as well as the DQN, such as in seeds 109 and 131. The most interesting case is in
seed 42, where the ANFIS DQN and DQN solve the environment in the same number of steps, but the ANFIS
DQN learns it with more stability while not falling off after learning and continues to have a solution after
60,000 iterations. This trend also appears in seed 9, where after 70,000 iterations, the ANFIS DQN has a stable
solution. From these tests, we can see that the ANFIS DQN is able to match, if not slightly outperform, the
DQN agent.

3.3.5. Explainability

As suggested, a primary advantage of this approach over non-fuzzy DQN concerns the capacity for explain-
ability; one may visualize the fuzzy rule components before and after training to help in understanding the
changes made during optimization and the resulting behavior.

To illustrate this, an example concerning the approximation of a mathematical function is shown in Figure 10.
In this case, Gaussian functions corresponding to fuzzy rules expand and contract following gradient descent
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(c) Results of function approxima-
(a) Rule base before training (b) Rule base after training  tion

Figure 10. Comparison of rules for approximating a function before and after optimization. The straight line represents a rule that becomes
insignificant after training.

to afford a close estimate of the function. Notably, one Gaussian function depicted by the straight line in
Figure 10b becomes insignificant after training. Not only does this indicate potential robustness to network
overparameterization, but the ability to visualize the components of the system in this way also highlights a
propensity for troubleshooting architectural design and training.

The CartPole example represents a jump in complexity that corresponds with increased challenges to helpful
visualization; the 32 rules for movement in either direction stand to benefit from a more directed form of
presentation. However, the same principles of visual feedback for training and resulting behavior apply. Both
before and after training, one may observe the rule base of the ANFIS DQN and extract important information
about the decisions of the agent.

We can see how some of the behaviors are shaped by analyzing the distribution and coverage of antecedents in
Figure 11. In the current visualization, it may be hard to explain all aspects of interaction, but we can investigate
some possible behaviors. The blue curves indicate the rules for moving the cart to the left, and the red curves
describe movement to the right. The domain is the domain for input space from CartPole. Each input that
is passed into the rules comes from the output of a NN. The blue curves are related to moving the cart to the
left, and the red curves for moving the cart to the right. While we cannot see exactly what inputs the rules are
related to, we can see some trends that indicate what each rule may be impacting. In the beginning, both sets
of colored curves are fairly uniform around the origin. After training, we can see that they have spread out
to cover more domains, and some curves are wider. Some interesting things to note are there are two inputs
in the observation space for cart velocity and pole angle. Negative values are associated with the pole and the
cart moving to the left. We can see how some of the blue curves moved further to the left, and the red curves
moved further to the right. This is because the intelligent action of moving the cart the opposite way the pole
is moving can help correct the position of the pole. These small insights can give us some explanation as to
what the network is doing when making decisions. With a better visualization, we could see what each rule is
specifically looking at in the input related to the output.

It should be noted that there is also much unique potential for experimentation with novel explainability mech-
anisms. Further research of ANFIS DQN in this vein could support efforts in quantifying changes to rules
after training, identifying rules that become insignificant, highlighting substantial activations for any one state,
and exploring aggregations that describe overall trends in behavior. While similar ideas have certainly been
explored to aid the interpretability of traditional NN, the capacity for visualization offered by FIS-based ar-
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Figure 11. Comparison of rule antecedent distributions for moving left (blue) and right (red) in the CartPole environment. Input consists of
encoded cart position, cart velocity, pole angle, and pole angular velocity.

chitectures represents a significant opportunity due to the reasons discussed and the relative lack of existing
literature in this domain specifically.

4. CONCLUSION

In the present paper, we study fuzzy systems controlled via RL and multiple applications of this framework. The
first environment considered is the Asteroid Smasher game in which the associated agent made use of fuzzy
systems trained via an actor-critic RL algorithm. This agent won XFC 2022, an Explainable Al competition
emphasizing fuzzy logic. We also compared ANFIS DQN architectures with classic DQN architectures and
demonstrated that the fuzzy systems perform similarly or, in some cases, better than DQN systems. More
significantly, we highlighted the amenability of TSK-based architectures to explainability and visualization
when compared to more traditional NNs.

Grounds for further research include an exploration of possible improvements to the stability of the RL al-
gorithm used to tackle the Asteroid Smasher environment. With respect to ANFIS architectures, additional
exploration of applications, network architectures, membership functions, and unique explainability mecha-
nisms could also prove valuable for both performance and explainability. In both cases, there are extensions
such as improved experience replay, dueling DQN, and distributional learning that could afford improved
results.

The most significant takeaway concerns the relatively underinvestigated and mutually beneficial relationship
between RL and fuzzy logic. Despite trends in the former and the value that each stands to offer the other,
alternative methods are more commonly employed to optimize fuzzy systems. Moreover, promising neuro-
fuzzy frameworks face relative obscurity in light of the steadfast need for trust and interpretability in domains
where NNs are pervasive. Consequently, additional experimentation serves to afford value when building
performant and explainable applications.
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APPENDIX: ANFIS AND DQN HYPERPARAMETERS

Most hyperparameters were taken from previous work/recommended defaults of libraries

1.

¥ ® N kW

10.

12.
13.
14.

DQN Structure
« 2 linear layers with 128 nodes and ReLU activation functions

. ANFIS Structure

o 2 linear layers with 128, 127 nodes, respectively, and ReLU activation functions
o 16 rules, with the mean of the Gaussian membership function sampled from the Normal distribution
and scaled by 2 to increase rule-base coverage, and the standard deviations sampled from the uniform
distribution
o Learnable parameters/biases for summation sampled from the Normal distribution and scaled by 2
Optimizer: ADAM
Learning rate: .001
Gamma discount factor: 0.99
Max replay memory size: 10,000
Batch Size: 128
Begin training after: 1,000 iterations
Epsilon start: 1.0
Epsilon end: .01

. Epsilon decay: After 20,000 iterations in a linear fashion

Gradient clipping norm: 10
Target network update iterations: 100
Tau soft update parameter: .001
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Abstract

As under-constrained systems, four-wheel-independent-drive (4WID) electric vehicles have more driving degrees of
freedom. In this context, reasonable control and distribution of driving or braking torque to each wheel is extremely
important from the vehicle safety perspective. However, it is difficult to provide the optimal wheel torque because of
the time-varying characteristics and typical over-actuated nature of the system. In light of these challenges, a novel
hierarchical control scheme comprising a top- and bottom-level controller is proposed herein. First, for the top-level
controller, a time-varying model-predictive-control (TV-MPC) controller is designed based on an extended 3-degree-
of-freedom (3-DOF) reference vehicle model. The total driving force and additional yaw moment can be obtained
using the TV-MPC. Second, for the bottom-level controller, the torque expression of each wheel is determined using
the equal-adhesion-rate-rule -based algorithm. The co-simulation results obtained herein indicate that the proposed
control scheme can effectively improve vehicle safety.

Keywords: Safety, four-wheel-independent-drive electric vehicle, time-varying model-predictive-control, equal ad-
hesion allocation
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1. INTRODUCTION

Worldwide, energy crises and environmental pollution are the fundamental reasons driving the development of
electric vehicles (EVs) (1?1, For any type of vehicle, vehicle handling stability, which determines driving safety,
is a significant performance measure. Among various types of EVs, four-wheel independent drive (4WID)
EVs come with four in-wheel motors that can simultaneously reduce energy consumption and increase vehicle
stability >*. Given that the use of independent in-wheel motors facilitates independent installation of drive
systems, this approach allows each wheel to regulate its driving force, which provides more possibilities to
enhance vehicle performance in terms of maneuverability and stability!>®]. However, because of the time-
varying nonlinear characteristics of vehicles, 4WID EV stability and effective torque distribution algorithms
remain suboptimal.

The greatest advantage of 4WID vehicles is that the four hub motors can be controlled independently, meaning
that the motors can work in their respective high efficient range and optimal attachment range to the extent
possible. Given that vehicle stability is essential for traffic safety, many scholars have focused on the key issues
related to vehicle stability. In this context, the understeer coeflicient in quasi-steady-state maneuvers has been
studied extensively, with a focus on typical lateral dynamics controls, such as active front steering and yaw
moment control 7-°, Lenzo et al. derived a relationship between the understeer coefficient and yaw moment,
and they obtained an apparently surprising result at low speeds: the rear-wheel-drive (RWD) architecture
provided the highest level of understeer, and the yaw moment due to the longitudinal forces of the front tires
was significant under high lateral accelerations and steering angles!'®). Analogously, the concept of relaxed
static stability (RSS) was proposed and utilized to guide the configuration of the 4WID configuration and
to design the overall 4WID vehicle structure with the aim of improving vehicle stability” without affecting
the intended meaning[“]. In Ref. 2], the influences of the electric motor’s output power limit, road friction
coefficient, and torque response of each wheel on stability control were elucidated. Chen et al. used a double-
layer control algorithm to determine the desired yaw moment and longitudinal forces of four tires with the
aim of improving vehicle stability'*). The authors of!'*) added a layer to the aforementioned algorithm [*?]
to judge whether a vehicle is in a stable state by implementing the phase plane method before the two layers.
For stability control of 4WID vehicles, sliding mode control and its improved version are the most commonly

used methods[151¢]

. An integral sliding mode control (ISMC) approach was proposed for 4WID vehicles to
generate differential drive force to assist the steering process in the absence of adequate lateral tire force 7],
However, sliding mode control tends to oscillate near the sliding surface. Peng et al. proposed a 7-degree-of-
freedom (DoF) model-predictive control (MPC) method to improve vehicle stability[ls]. However, in their

case, discrete MPC linearization was slightly rough, which may lead to inaccurate results.

Although a few researchers have drawn attention toward this knowledge, the problems of ensuring vehicle
stability and torque allocation still cannot be solved quickly and accurately for the following reasons: (1) 4WID
EVs are highly nonlinear and time-varying system, and the use of simple processes will reduce the system
accuracy; (2) The four in-wheel motors are not decoupled and need to be coordinated simultaneously; and (3)
Unpredictability of the iteration steps in the traditional optimization algorithm may lead to a scenario where
the torques applied to the four tires do not reach the respective optimal values in real time. In Ref.!'), the
minimum total adhesion rate algorithm was used to allocate torque to each wheel. However, this method may
lead to local optimization or large differences in the adhesion rates of different tires. For this reason, we propose
a hierarchical control algorithm that includes a nonlinear-MPC-based upper algorithm for obtaining the total
longitudinal force and direct yaw moment, and an equal-adhesion-rate-rule-based lower torque allocation
algorithm. The main contributions of this study are as follows: (1) an extended 3-DOF reference vehicle model
is built that can be integrated with the traditional 2-DOF reference vehicle model; (2) Exact expressions are
derived for the first-order derivatives of TV-MPC; and (3) A torque allocation algorithm based on the equal
adhesion rate rule of the bottom-level controller is proposed to ensure full utilization of the adhesion rate. The
structure of the hierarchical control algorithm proposed herein is illustrated in Figure 1.
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Figure 1. Structure of hierarchical control algorithm proposed herein.

The remainder of this paper is organized as follows. In Section 2, three models related to the vehicle are built.
In Section 3, a time-varying MPC controller is designed. In Section 4 the equal-adhesion-rate-rule-based
torque allocation algorithm is elaborated. In Section 5, the proposed method is demonstrated by conducting
a Carsim-Simulink co-simulation. Finally, our concluding remarks are presented in Section 6.

2. VEHICLE MODEL

By considering the nonlinear and time-varying dynamic characteristics of 4WID EVs and the related control
problems, an extended 3-DOF reference vehicle model and a nonlinear 7-DOF vehicle model are established
in this section. In addition, a magic formula (MF) tire model is developed.

2.1. 3-DOF reference vehicle model
In this study, a single-track vehicle model is used as the 3-DOF reference vehicle model. According to['*), the
actual and desired longitudinal accelerations of the vehicle satisfy the following first-order relationship:

K

a = —dJes 1
1+71s des ()

where a and a4, represent the actual and desired longitudinal accelerations of the vehicle, respectively; K = 1
is the system gain; and 7 is the time constant that ranges from 0.2 to 0.5. Therefore, the relationship between
the actual and desired longitudinal velocities can be expressed as

VX.des
VY = —
1+71s

()

Here, vy 4.5 can be calculated as follows:

Fxy+Fxy— Fioal

‘>X,des = m (3)
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Figure 2. 7-DOF nonlinear vehicle dynamic model.

where m denotes the vehicle mass; Fx s and Fx y denote the longitudinal front and rear tire forces, respectively;
Fiorar s the total resistance force; and vy 405 and vy g.s denote the actual and desired longitudinal vehicle
velocities, respectively. Combined with the traditional 2-DOF linear vehicle model, the transfer function of
the 3-DOF reference vehicle model can be expressed as follows:

VXref = VX,des/(l + TS)
Bref = G,B,a’eséf/(l + TS) (4)
Tref = Grr,deséf/(l + TS)

where

KfKrl (lf+l )+mv§< dFSKflf

KKy (1p+, ) +(K ol =K, 1, )MV e
K¢K;, (lf+l )Vde

G[E,des =

G =
r.des KK, (lf+l ) +(Kflf -K 1, )mvx des
— mlva,des [Wl(K/ l}+K'lz)+IZ(K[+K )] VX.des

- Kr(lf+lr) KfK,(lf+l,)2+(Kflf—Krlf)mv§(’dm

Here, 6 is the steering angle of the front wheel; 7 is the yaw moment of the vehicle inertia; /s and [, are the
distances from the mass center to the front and rear axles; Ky and K, denote the front and rear wheel cornering
stiffnesses; 8 and r are the sideslip angle and yaw rate of the vehicle, respectively.

2.2. 7-DOF nonlinear vehicle model

To obtain an accurate model for MPC control in the process of predicting the vehicle state, a 7-DOF nonlinear
vehicle model, illustrated in Figure 2, is established, and it allows for free longitudinal motion, lateral motion,
yaw motion, and rotation of the four wheels. The dynamic equilibrium equations of vehicle longitudinal, lateral,
and yaw motions can be expressed as follows:
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m((vy —rBvyx) = (Fxﬂ +FXfi) cosdr+ Fxp + Fxir — (Fyfl +Fyf,') sinch

m(B+r)vX = (FXfl + Fxﬂ) sindf + (Fyﬂ + Fyﬂ) COS(Sf + Fy;; + Fyyy

177 = (Fxf[+Fxff) lf sin6f+ [(Fxf,' —Fxf) cosdy + (Fxir _FXrl)] BTW
+ (Fyf[ + Fyff) lf COS 5f + (Fyfl — Fyf,') BTW sin 5f - (Fyrl + Fyrr) I

(5)

In this equation, m and Iz denote the vehicle’s sprung mass and its moment of inertia around the Z axis,
respectively; B,, is the vehicle’s wheelbase; 6 f is the steering angle of the front axle, and it can be approximated
as d; = 0, = 0y; Fx;j and Fy;; denote longitudinal and lateral tire forces (wherei = f orr, j = [ or r; f] means
front left, fr means front right, r/ means rear left, and rr means rear right), respectively. The meanings of the
other parameters are given in Section 2.1.

The rotational dynamic equilibrium equation of each wheel is expressed as follows:

Lyai =T - FxijRy, (i=f,r j=1Lr) (6)

where I,, is the moment of wheel inertia around each axis of rotation, R,, is the effective radius of each wheel,
w;; denotes the rotation rate of each wheel, and 7;; is the driving torque 7y; or braking torque 7j;; of each
in-wheel motor.

2.3. MF tire model
The general form of the MF tire model >/ is as follows:

Y (x) = D sin{C arctan[ Bx — E(Bx — arctan(Bx))]} (7)

where x is either the longitudinal slip ratio A;; or lateral slip angle @;;. B, C, D, and E denote the stiffness
factor, shape factor, peak value, and curvature factor, respectively. The tire longitudinal slip ratio of each wheel
is expressed as follows:

% Driving Conditon ( ) ®
Aij =9 v LoiR i=f,r j=Lr 8
N X”VX—' Braking Conditon
ij

where vy,, denotes the longitudinal translational velocity of each wheel, which can be calculated as follows:

vxsi=(vx —rB,/2)cosSs+ (vxB+rls)sindy
vxfr = (vx +rBy/2)cosSs+ (vxB+rly)sindy
vxrl =vx — 1By /2

(9)

VXxrr = VX+rBw/2

The tire lateral sideslip angle of each wheel can be expressed as follows:
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Table 1. MF tire model parameters ay-as and b-bs

Parameter ao ap as as ay as ae ar as
Value 1.37 -0.0039 8.78 0.0076 51 -0.00016 0 0.0001 0.3
Parameter b by b, b3 by bs be
Value 1.388 -0.049 99.7 2,31 8.97 0.662 -1,323
_ Bvxtrly _ Bvx-rly
asr = vx—rB, /2 6f @l = vx—rBy, /2 (10)
_ Pty s _ _Pvx-rly
Afr = 333rB, /2 f Arr = 4B 2

The parameters B, C, D, and E in the longitudinal MF tire model are given as follows:

C=ayp, D=u (alFé + azFZ) , B= (a3F§ + a4FZ) et /(CD), E= a6F§ +a7F7 +ag

The parameters B, C, D, and E in the lateral MF tire model are given as follows:

C=bo, D=pu(bF;+byFz), B=bssin[2arctan(Fz/bs)]/(CD), E =bsFz+be

where ap-ag and bo-bg can be calibrated by conducting tire force tests, and their values are listed in Table 1.

F is the tire vertical force, and the vertical force of each tire can be expressed as follows:

Fzp=myg+ mgl,/(lf + l,) - mvxh/(lf + lr) —m(r +B)vxhlr/[BW ( )]
Fzpr =myg +mgl/(ly +1,) —moxh/(l; + 1) + m(r + B)vxhl, /By (I +1,)] (1)
Fz = my,g + mglf/(lf + lr) +I’I1\>Xh/(lf + lr) - m(r +B)thlf/[Bw (lf + lr)]
Frrp=myg +mglf/(lf + l,) +mvxh/(lf + Z,) +m(r +B)vxhlf/[BW ( )]

where m,, denotes tire mass, and g denotes gravitational acceleration.  is the distance between the roll center
and sprung mass center. The longitudinal and lateral tire forces are limited in the adhesion ellipse. Therefore,
the tire force calculated using the MF model can be modified using the following expressions:

Fx = 2y (a) Fy =2y (a)
_ 0Fx _ OFy

Ky =73 Ky =%, (12)
_ 4 _ tana _ 2 2

OX =1 Oy =T O =4/0x+0y

3. TIME-VARYING MPC

Model accuracy is the basis and key advantage of the MPC control method. To reflect the accuracy of the
vehicle model to the extent possible, we utilize the nonlinear 7-DOF vehicle model developed in Section 2 as
the basis of our MPC control strategy.

The longitudinal speed, sideslip angle, and yaw rate of the vehicle are set as the state variables of the pre-
dictive state space equation, which is expressed as x = [vx,,r]”. The longitudinal total force and the yaw
moment due to differences between the longitudinal forces of the four tires are set as the control variables:
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u =[Fx,AMz]". The output variables of this system are the same as the state variables, that is, y = [vx, 8, r!

The two control variables can be expressed approximately in terms of the longitudinal force of each tire, as
follows:

{ Fx = Fxpi+ Fxpr + Fxr1 + Fxpr (13)
AMyz = (Fxgr — Fxg1 + Fxrr — Fxr1) By /2

According to Eq. (5), the state-space representation of this control system is as follows

X = f(x,u) (14)

To reduce computational cost, the system state-space equation is linearized as follows

X =Ax+ Bu
v = Cx (15)

T
_ofw _ | or or or Cofew _ | I/m 0 0 s
whereA—%—[— =L —], B =2 —[ 0 o0 1L | C =diag(1,1,1)

[ 1 OFxys | OFxyr 0Fx,1 , OFxyr OFyp | OFyysr\ .
r,8+a[ v T vy cosdy + + ro— + sind

r')vx (7VX ﬁVX ﬁVX

§F, OF SF 5
[(rasz Xf’)smd +(’6”’+(3Yf’)cos6f+a;y”+‘9§Y”
6f mvyx VX vx v VX 1:¢

3 o (FXfl+FXfr) Sln§f+(Fyﬂ+Fyfr) COS§f+Fyr1+Fyrr];
Vx

J0Fx i 3FXfr OFxyr  OFxp OFx,,  O0Fx.\| Bw
1 [ vy lf Slnéf + vx  dvx cos 6f + dvx  Ovyx i
1 | (9Fvn aFYfr OFypi  OFyyr\ By _ [ 0Fyr | OFyrr
L + ( aVX lf cos 6f + 6\/)( l’)Vx 2 sin 6f atx + (9VX lr

(16a)

[ IF dFxr IF P .
rvx + L+ a5+ —a;”)coséf + ag’é” + ag’g’ - ( a7+ ayﬁ”) sméf] :
1 OFxs | OFxyr\ - OFyp | OFyyy 6Fy,1
3f_ e [( 95 + 9B sindy + 96 + 98 cos6f+
B - IL [(5Fxf1 N 3Fxfr
z

+ 6FYrr .
aF IF K2R (16b)
)lfs1n6f+ ( 6);#_ (.%ﬂ)COS(Sf"'(%_M)] B_W]

9B B 2

dFyp  OFyyr OFyr , OFyrr
)lf0056f+( B aﬁ) s1n6f—( 62’1"' 62 )l,]

(ﬁFyf[ + 6Fyf,

OF OFx X Fy, OF OFysr\ .

ﬁVX + — L ﬂtﬂ + aXf )COS (Sf + 01; = aa = ( [;;ﬂ an ) s ()f N
0Fx OFx s, OF OFy ¢,

af -1+ 1 il S Ofyypr | Ofyyrr

BFYrI aF}’rr
B P o E )s1n6f+( + = )cos6f+ + =5

(16¢)
ar L anf[ anfr aFXfr _ aFXfl aFer _ aFXr] &
T [\ + o) lrsindy + || =5 ar ) Cos s+ (=5, or 2
+L [(OFyfl + (’)Fyfr

i ) dFyys  OFysr\ B, 6Fy,l IFyyr
7z |\ 7or {')r_)lf 005‘51+< o ~ ~ar ) 2 sindy - + ) I
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The partial derivative in Eq. (15) can be calculated as follows:

OFxi; 0Fxij OFxij — Koo | A Axi Axig ] (17a)
vy 0B Or Xl Sk TgTF
r —r(BByw/2+1y) v vxlp+Bvx By, /2
0;‘3';:1 0ng1 aI;yrﬂ Ky i (VX_rB2w/2)2 Yivs=ean K (rx—rBu/2)
OFysr  OFysr  OFyr Ky fr’(ﬂBw/ _[f2) S Ky g, XLBrxBu ]2
vy B or — (vx+7rBy [2) vx+rBuw /2 fr (VX+rBw/2)2
OFy,  OFyn  OFyu | —r(BBw/2-1y) e Ko oy 0xlrtBoxBu /2 (17b)
T o (Vx—rBw/Z;Z YlaerBa 2 Y Gk, 1)
a8 or r(BBu/24y) vy Kooy XL BYx B 2
VI Gx+rBo 2)? YilbverB 72 YT (B, 2

The parameters Kx;; and Ky;; can be obtained from the MF tire model by using Eq. (12). The parameters in
matrix A, which is detailed in Egs. (16) and (17), can be expressed using the results of the k-th step. Then, Eq.
(15) can be discretized as follows:

{ x(k+1)=G(k)x(k) + H(T)u(k) (18)
y(k) = Cx(k)
where

G(k)=e* T x TA(k) +1

H(T) = /OT e*Tdr-B~TB
The discrete linear equation for MPC control can be rewritten in the following form:

{ Ax(k +1) = G(k)Ax(k) + HAu(k) (19)
y(k) =y(k = 1) + CAx(k)

where Au(k) = u(k) —u(k — 1), and Ax(k) = x(k) — x(k — 1). The predictive time domain of this system is
composed of n,, steps, control time domain of this system is composed of n.. steps, and the relationship n. < n,
holds. In this work, n, and n. are set to 8 and 3, respectively. The n.-step control input vector and 7,,-step
predictive output vector can be expressed as follows:

{ AU (k) = [ Au(k) Au(k+1) - Au(k+n.—1) ]T .

Y(k) = [ y(k+1) y(k+2) - y(k+n) - y(k+ny) |’

Therefore, the output vector of each future predictive n, steps is given as follows:
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Y (k) = Sc(k)x(k) +I,y(k) + S, (k)AU (k) (21)
CcG
2
ZCGi Incxnc
i=1 I”CX”C
where S, (k) = . Ay = . ,
n
Zp: CGl I”L'X”” npX1
L =1 4 (k)
CH 0 0 0
2
ZCGHH CH 0 0
i=1
Ne ne—1
Sulk) = ZCGHH Z CG™'H .. ... CH
i=1 i=1
np . np—1 . . ' np—ne+l
ZCGHH Z CG'H .. .. Z CG'H
L =l i=1 i=1 1 (k)

To track the reference vehicle model as well as possible, a 3-DOF vehicle model is designed as the reference
model. According to Eq. (4), the reference discrete output vector can be obtained as follows:

yr(k) =G (T)y,(k — 1) + H(T)u, (k — 1) (22)

where ur(k) = [ VX,des(k) ﬁdes(k) rdes(k) ]T’ Yr(k) = [ VX’,ref(k) ﬁref(k) rref(k) ]T’

A, = diag(1/t,1/T,1/T),G,(T) =1 —TA,, and H.(T) = TA,. The n,-step predictive output vector of the
reference system can be expressed as follows:

Yo(k)= [ yr(k+1) yp(k+2) - yo(k+n) - yolk+ny) | (23)

Accordingly, the output vector of each future predictive n,, steps of the reference system is given as follows:

Y, (k) = Wyryr(k) + Wyru, (k) (24)

np T

2
where W,, = [ G, G2 --- G ]T ,and W, = | H, Z G'H ... Z GT'H | . In addition, the
' i1

i-1
following relationship u, (k + 1/k) = u,(k)(i = 1,2---n,) holds.
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The objective function of this MPC strategy has the following quadratic form:

np Ne

J(ky = > My (k+1) =y, (k+ DG, + Y lAuCk +i = D[, +© (25)
i=1 i=1

where Q; and R; are the weighting matrices of the first and second items, respectively. © represents a positive
relaxation factor. The objective of this function is to follow the ideal model smoothly and accurately. The first
term of this function describes the ability of the actual vehicle model to track the reference model. The second
term indicates the change in the input vector, which can restrict changes to the input variables. Meanwhile,
the input, input increment, and output variables are constrained in a domain that can be expressed as follows:

Umin(k +1) S u(k+1) Sumax(k+i)  (@=0,1,---,n.—1)
Aumin(k +17) < Au(k +7) < Aumax(k+i)  (@=0,1,---,n.—1) (26)
ymin(k+i)Sy(k+i)5)’max(k+i) (iZO,ls"',l’lp—l)

Because of constraints, it is generally impossible to obtain the analytical solution to this problem. For this
reason, it is necessary to transform it into a quadratic programming (QP) problem to obtain a numerical
solution. Therefore, we convert the above constraint equations into the form Cz > b, as follows.

[ _LAU _AUmax(k)
| Lav ]AU(k) - AUnin (k)
[ _LU Ul(k - 1) - Urnax (k)
| Ly } AUE) 2 [ Unin(K) = U' (K — 1) =7
[ _Su Yl(k - 1) - Ymax(k)
S } A=y 0 =Y - 1) }

where Loy, AUnax(k), AUnin(k), Ly, U'(k = 1), Unax(k), Umin(k), Y'(k = 1), Ymax(k), and Yiyin(k) can be
calculated according as described in>!). Then, this question can be described as a standard QP problem. In
this manner, the solution of this problem without the constraint equation can be set as the initial solution,
which can be expressed as follows:

AU(k,0) = (Sg(k “1)OTQS,(k—1) + RTR) ST(k - QT QE (k) (28)

where E (k) =Y, (k)—=S,(k—1)Ax(k)—1I,y(k) he optimal solution of the input vector AU* (k) can be calculated
using the algorithm of the QP problem with constraints. Then, the closed-loop control input can be obtained
as follows:

Au(k)=[ Ina 0 -+ 0] ~AU"(k) (29)

1x
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Table 2. Parameters of vehicle and in-wheel motors

Parameter Description Value/Unit Parameter Description Value/Unit
m Vehicle mass 812 kg B, Wheelbase 1.65m

My Vehicle mass 20 kg P, Rated power 7.5 KW

Iy Distance from mass center to front axle 11m Py, Peak power 12 KW

I, Distance from mass center to rear axle 1.25m ne Rated speed 750 rpm
Iy Moment of vehicle inertia around Z axis 808 kg -m? i Peak speed 1,000 rpm
I, Moment of tire inertia around rotation axis 0.5 kg -m? T, Rated torque 150 Nm

h Distance between roll center and center of sprung mass 0.27 m T Peak torque 250 Nm
R, Distance between roll center and center of sprung mass 0.29m

4. TORQUE ALLOCATION ALGORITHM

The proposed torque allocation algorithm based on the equal adhesion rate rule is described in this section.
We adopt the equal adhesion rate rule by considering only the adhesion rate of longitudinal force because the
deviations due to the lateral and longitudinal forces are excessive, meaning that no solution can be obtained.
Therefore, the longitudinal forces on the left and right sides of the vehicle are expressed as follows.

{ \Fxri| /Fzp1 = |Fxrl | Fzni (30)
’FXfr‘ /FZfr = |Fer| /Fer
The total longitudinal forces on the left and right sides of the vehicle can be calculated as follows:
{ Fxyfi+ Fxy = Fx/2+AMz/B, (31)
Fx¢r + Fx,r = Fx/2 - AMz/B,,

Therefore, each longitudinal tire force can be solved quickly by using Eqs. (30) and (31). By using the solved
longitudinal tire force and algorithm of equal-adhesion-rate-rule, the torque acting on each wheel can be
determined as follows.

Tt1 = (TioratFx 1) | (Fx 1 + Fxri + Fxgr + Fxrr)
Ttr = (TotarFxgr) [ (Fx g1 + Fxri + Fxpr + Fxpr)
T = (TrotatFxrt) [ (Fx g1 + Fxri + Fxr + Fxrr)

Ty = (Trotar Fxrr) [ (Fx 1 + Fxri + Fx r + Fxyr)

(32)

5. CO-SIMULATION AND RESULTS

To verify the proposed control algorithm, we compared it to the proportional-integral-derivative (PID) control
strategy. The co-simulation method was used for this purpose. Two main typical driving conditions, namely
(D) double lane change (DLC) maneuver under high-adhesion-coefficient condition (u = 0.9) and (2) DLC
maneuver under low-adhesion-coefficient condition (u = 0.3), were considered. The parameters of the vehicle
and in-wheel motors are summarized in Table 2.

The consistency of human driving cannot be guaranteed, and it would be unsuitable for real drivers to drive a
vehicle at dangerously high speeds or on low-adhesion roads. For this reason, we conducted a simulation to
validate the effectiveness of the proposed control scheme.
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Figure 3. State comparison of different control modes during DLC maneuver. (u = 0.9, v, =100 km/h).

5.1. DLC maneuver on high-adhesion road

The adhesion coefficient on the high-adhesion road was set to 0.9, and the reference vehicle velocity was set
to 100 km/h. Figure 3. depicts a comparison of the typical state parameters by using different control meth-
ods, which are without active control, hierarchical time-varying MPC control, and PID control. According
to Figure 3A, the velocity fluctuation due to the proposed hierarchical time-varying MPC control was smaller
than that due to PID control. As shown in Figure 3B, compared to the without active control and PID control
methods, the hierarchical time-varying MPC control method decreased the maximum lateral displacement
by approximately 0.25 m and 0.11 m, respectively. The yaw rate and sideslip angle of the vehicle under MPC
control were able to follow the ideal curve furthest, which effectively enhanced vehicle handling stability and
safety, as depicted in Figure 3C and D.

The adhesion rate can be expressed as follows:

Sij = |FXij| [Fzij (33)

wherei = forr, j =1orr,and fI denotes front left, fr denotes front right, r/ denotes rear left, and rr denotes
rear right.

The torque and adhesion rate of each tire are depicted in Figure 4. According to Figure 4A, the torque acting
on each tire changed gently. Moreover, the torques acting on the left front and rear tires were similar but not
equal. Likewise, the torques acting on the right front and rear tires were similar but not equal. However, the
adhesion rates of the left two tires were almost equal, and the adhesion rates of the two right tires were almost
equal, as depicted in Figure 4B. This indicates that the proposed algorithm can enhance vehicle safety and
ensure that the adhesion rates of the two tires on the same side are as similar as possible.

5.2. DLC maneuver on low-adhesion road

Generally, a low-adhesion road can reflect the control effect more remarkably. The adhesion coefficient on a
low-adhesion roads and the reference vehicle velocity were set to 0.3 and 70 km/h in this study. As illustrated in
Figure 5A, the velocity fluctuation due to the hierarchical time-varying MPC control was smaller than that due
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Figure 4. Torque and adhesion rate of each tire. (u = 0.9, v, =100 km/h).

to PID control, and with both methods, velocity fluctuations occurred close to the reference line. However,
without control, the velocity dropped considerably. As shown inFigure 5B, the vehicle without control lost
stability and deviated from the designated trajectory. The hierarchical time-varying MPC control reduced
the maximum lateral displacement by approximately 0.2 m compared to that achieved with PID control. As
depicted in Figure 5C and D, under hierarchical time-varying MPC control, the yaw rate and sideslip angle
tracked the reference curves very well. The performance of PID control was slightly inferior in comparison,
while the case without control performed the worst and the vehicle diverged from the set trajectory. With
both PID control and hierarchical time-varying MPC control, the yaw rate control effect was stronger than the
sideslip angle control effect because the sideslip angle is more difficult to control than the yaw rate. However,
with hierarchical time-varying MPC control, the sideslip angle was less than 2.5°, which is within the safety
limit.

The torque and adhesion rate of each tire are shown in Figure 6. According to Figure 6A, the torques acting
on the left front and rear tires are similar but not equal, and the torques acting on the right front and rear tires
are similar but not equal. However, the adhesion rates of the two left tires are almost equal, and the adhesion
rates of the two right tires are almost equal, as shown in Figure 6B. This finding indicates that the proposed
algorithm can secure vehicle safety and ensure that the adhesion rates of the two tires on the same side of the
vehicle are as close to each other as possible. Unlike on the high-adhesion road, the torques and adhesion rates
of each of the tires are lower, which is consistent with the actual situation.

6. CONCLUSIONS

In this study, 3DOF reference vehicle model and a 7DOF nonlinear vehicle model were developed. A novel hi-
erarchical time-varying MPC control strategy was proposed for 4WID EVs by considering vehicle stability and

adhesion efficiency. A time-varying MPC controller was designed to reduce system error in the linearization
process.

In the co-simulation, two typical conditions were adopted to demonstrate the performance of the proposed
method. The DLC maneuver was performed on high- and low-adhesion roads to verify the effectiveness of
the proposed control strategy. The results indicated that the proposed hierarchical time-varying MPC control
strategy was able to enhance vehicle handling stability effectively. Furthermore, the lower torque allocation
algorithm was able to improve the adhesion efficiency of each tire.
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Abstract

The consensus tracking problem is investigated for a class of multi-agent systems (MASs) under communication
constraints. In particular, as a result of the impact of amplitude attenuation and random interference, communication
among followers may inevitably suffer from the fading phenomenon. Meanwhile, the controllers may also be subject
to malicious deception attacks, which will disrupt the correct operation of the MASs. Thus, the agents can only
update their states based on fading information exchanged with their neighbors and the false control input under
attacks. The consensus tracking error variables are first designed via the fading signal received from neighbors. Then,
an online estimation strategy is introduced to estimate the unknown attacks, based on which the adaptive sliding
mode controller is designed to attenuate the effect of the time-varying attacks on MASs. Convergence analysis of
the MASs under the designed control strategy is provided by using the Lyapunov stability theory and adaptive sliding
mode control method. Finally, the effectiveness of the theoretical results is verified via numerical simulations.

Keywords: Multi-agent systems, consensus tracking, adaptive mechanism, sliding mode control, deception attacks,
channel fading
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1. INTRODUCTION

As typical autonomous cyber-physical systems, multi-agent systems (MASs) provide an effective means to
coordinate spatially distributed and networked agents, where agents interact together to optimize decisions
and achieve system objectives. In recent decades, the development of cluster control has motivated more and
more research on the consensus problem for MASs, such as multi-UAVs (Unmanned Aerial Vehicles) con-
trol '3, underwater cooperative operations*), robot formation control °~#), wireless sensors collaboration [°!,
microgrids control ') and so on. As a key issue in the research of MASs, the consensus problem has received
extensive attention in the past few decades. For example, Hu et al. proposed a new consensus protocol for
complex networks composed of multiple subnetworks to ensure convergence!'!l. Yao et al. considered the
finite-time consensus problem of MASs based on the finite-time Lyapunov stability theory!'?). Rehman et
al. investigated the consensus problem of leader-following MASs in both fixed undirected topology and fixed
directed topology and proposed two distributed control protocols''*]. Liu et al. studied the positive consensus
problem of MASs with directed communication topologies where all agents have identical continuous-time
positive linear dynamics 4},

To handle the consensus problem, various control methods have been proposed including fuzzy control [,
robust H, control ¢ (221 and
so on. Due to the strong robustness to external disturbance and parameter uncertainties, the sliding mode
control method has been used widely in the MASs consensus research. For the leaderless MASs, Wang et al.
designed a special SMC protocol for the consensus problem [/, Cong et al. proposed a distributed nonsingu-

, predictive control'78), adaptive control ['°-21], sliding mode control (SMC)

lar controller to deal with the consensus problem for a class of nonlinear single-integrator MASs with input
uncertain dynamics 2. Rahmani et al. proposed a projection recurrent neural network, which was suitable
for robotic MASs, and designed a new optimal SMC technique to achieve consensus tracking 2*,

However, a key feature of the aforementioned works is that the information can be transmitted accurately
among agents. In practical MASs, a satisfying communication environment cannot be guaranteed under wire-
less transmission networks. As a result of the impact of amplitude attenuation and random interference, the
wireless link communication among agents will suffer from the fading phenomenon, resulting in the distor-
tion of the data. This unfavorable factor motivated some interesting research on consensus tracking of wireless
MASs subject to channel fading. Oral et al. [>! considered link outages between agents and obtained the prob-
ability expression for MASs reaching consensus. Gu et al. designed a distributed SMC law to deal with the
impact of the information fading phenomenon in communication channels?”). Ding et al. investigated the
finite-time consensus control for MASs with channel fading via SMC technique. [**!

Another adverse phenomenon in the wireless transmission network is the inevitable malicious attacks, thereby
rendering the secure control of MASs fundamental significance!>’!. Considering the different mechanisms
and effects on the MASs consensus problem, cyber-attacks can be divided into various types, for example,
deception attacks [*°), replay attacks!*'! and denial-of-service (DoS) attacks®2/. Among them, deception at-
tacks may lead to erroneous information feedback by tampering with the real packets via injecting false data.
Cui et al. investigated the consensus tracking problem of MASs, which may be subject to deception attacks
randomly. Recently, SMC strategy combined with adaptive mechanism has shown promising performance
for constrained systems, for example, Chen et al. constructed an adaptive sliding mode control law to deal
with the effects of adversarial cyber injection attacks [*?]. Tt is of great practical significance to investigate the
consensus problem for MASs against deception attacks**/. Meanwhile, it is challenging to design a feasible
SMC law under unknown and time-varying deception attacks.

Inspired by the above discussion and based on the expanded research of ref. 28], this paper will be concerned
with the secure consensus control problem for multi-agent systems with malicious attacks and channel fading
via the adaptive sliding mode technique, and the main contributions are highlighted as follows: (1) Both the
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position error and the velocity error are used to reflect the consistency of MASs, then the consensus tracking
problem of MASs can be transformed into the stability problem of the tracking error systemi (2) Coping with
the effect of the fading channel between followers, the incomplete fading information received by the agent is
introduced into the controller designi (3) An online estimation strategy is employed to estimate the unknown
and time-varying attacks, based on which, an adaptive sliding mode controller is designed to attenuate the
effect of the attacks on MASsX and (4) The distributed adaptive SMC strategy is designed to ensure the mean
square consistency of MASs, despite the communication constraints.

Notation: R” and R”*" mean the n dimension Euclidean space and the m X n real matrix set. The symbol ||
denotes the Euclidean norm and ® denotes the Kronecker product. Denote sgn(x) the sign symbolic function,
Ly=[11---, 1" 0y =[0,0,---,0]".

2. PROBLEM FORMULATION

2.1. Graph theory

Graph theory is an important tool to study MASs, which is a graph composed of several nodes and edges
connecting the node. Each agent can be represented as a node, and the information interaction between
agents can be denoted as an edge in graph theory. A directed weighted graph is represented by G = {V,E}.
For MASs with one leader and N agents, the node-set V = {vy,v,,---, vy} indicates the set of all points on
the graph and E = {(i, j),i,j € V,i # j} represents the set of all edges. A = [a;;] € R¥*V is a non-negatively
weighted adjacency matrix. If @;; > 0, it means that agent i can receive information from agent j; conversely, if
a;j = 0, agent i cannot receive information from agent j. Define the matrix B = diag(b1, b, - - - , by) to denote
the communication between the leader and all followers, and the degree matrix D = [d;;] with d;; = Z?’:] ajj.
So, we can obtain the Laplace matrix L = [/;;] as:

L=D-A. (1)

with

N ) P
li]' — { Zk:l alk7 l .]a (2)

—dijj, i+ j.

Lemma 1°° The matrix L + B is invertible if the directed graph G has a directed spanning tree.

Definition 1 Consider a multi-agent system with N agents and let x;(¢) represent the state of agent i. If

lim;—eo|lxi(t) = x; ()|l = 0, foralli,j = 1,2,---, N, it is said that the multi-agent system can reach a con-
sensus. Furthermore, if there exists a leader whose state is xo(¢), then lim,_|x; () — xo(£)]] = 0, for all
i,j=1,2,---, N, means the tracking consensus is achieved.

2.2.System model
Consider a second-order MASs consisting of a leader labeled as node 0 and N followers indexed by i €
{1,2,---, N}, and the ith follower’s dynamic is given as:

{ Xi(1) = vi(1),

54() = (1), )

where x; (1) € R”, v;(t) € R™, u;(r) € R™ represent the ith follower’s position, velocity and the control input,
respectively. According to equation (3), it is obvious that we are focused on double integrators.
The leader’s dynamic is of the following form:

{ XO(t) = VO(t)’ (4)

Vo (1) = uo(1),
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with xo(r) € R™, vo(r) € R™ the leader’s position and velocity, respectively, and uo(r) € R™ representing the
control input.
Define the ith follower’s consensus tracking errors as follows:

ei(t) = Z?’:l aij (xi(1) = x; (1)) + b; (x;(t) = xo(2)) ,
e (1) 27:1 aij (vi(1) = v (1)) + bi (vi(t) = vo(2)) ,

with ey;(7) and e;(¢) the tracking error variables of position and velocity, a;; represents the element of A, b;
determines whether there is information interaction between the leader and the followers, when b; > 0, agent
i can receive information from the leader, otherwise, b; = 0.

The tracking errors can be rewritten in the compact form:

(5)

{ ei(t) = (L+B)® 1Ly (x(t) - Ly ® xo(1)), (6)
er(t) = (L+B)® 1y (v(t) - Ly ®vo(1)),
witheg (1) £ [ef, (1), el 1T ea(t) 2 [eh (1), L eby (0] s x(0) & [xT (1), K] v 2 (TG0,
vEO17, u(r) 2 [u{(t), el uﬁ(t)]T, B 2diag{b;, bs,--- ,bn}.
From the above definition, one can obtain the tracking error system as:
{ él(t) = eZ(t)s (7)
ét) = (L+B)®1y - (u(t) — 1y ® up(1)).

Now, the consensus tracking problem of MASs (3)-(4) converts to the stabilization problem of the tracking
error system (7). The objective of this work is to achieve leader-follower consistency.

2.3. Fading channel

As stated in the Introduction, the transmission between followers may be inevitably suffered from the channel
fading phenomenon. In this work, the network channel is considered as a continuous one with time-varying
channel gain, the transmitted data will be modeled as the actually received information with random attenua-
tion. Hence, introduce the following memoryless multiplicative fading model:

{ xij (1) = pij(1)x; (1),
vij(t) = pij (t)v; (1),
where x;;(f) and v;;(¢) are the fading position and speed signal of the jth agent received by the ith agent, and

x;(t) and v;(r) are the signal and speed signal sent by the jth agent, respectively. The random coefficient
pij (1) € (0, 1] are mutually independent random variables with mathematical expectation E (p;;(¢)) = p.

(8)

Assuming that fading occurs only in the channel between followers, the special case of channel fading from
the leader to the followers is not considered in this work. Hence, based on the fading information (8), the
tracking errors (5) are rewritten as:

ey(t)

(1)

T ayy (1) = S0 (0055 (1)) + by (x:(0) = x0(1)
S aiy (vit) = SO (0) + by (vi(1) = vo(1))
It can be seen that the tracking errors (9) involve the expectation of the random variable p;;(#), which is
introduced to compute the consistent tracking error variable among the agents more accurately.

Define ¢, (1)£[el, (1), -+, &1\ (D)7, ea()2[eh, (1) ,--- . &5y (1)]". Then, the compact form of tracking errors
(9) is of the following form:

e (t)

(9)

S @i (A® L) - 2A(0x (1) = (L +B) ® I (1, ® x0(1))
~(B+D)® 1, -x (1),
SN ai(A®ly)- %A,-(t)v (1) = (L+B)® I, (1, ® vo(2))
~(B+D)® I, -v (1),

(10)

e (t)
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Figure 1. System over fading network subject to attacks on agent i.

where a; = diag{6l.1, 61.2, 6N, 6{‘(-) being the Kronecker delta function, which compares values of i and
k and returns O when they are not equal; otherwise, it returns 1. A;(z) = diag{0, p12(2),--- . pin ()}, -+,
An(1) = diag{pn1 (1), pn2(1), - - ,0}. Considering the effect of channel fading, since only faded data is avail-
able, accurate neighbors” information cannot be used for the controller design. In the following section 3.1,
the SMC law will be designed based on the consensus tracking errors &, () and & (¢).

Remark 1. There are two special cases considered in the channel fading model (8): when p;;(7) = 0, it means
that there is no information interaction between agents and the communication channel is blocked, that is, the
channel fading model is simplified to a packet loss model. In contrast, if p;;(¢) = 1, it indicates that the data
transmission between agents is complete and without any attenuation.

2.4. Deception attacks

Among various cyber-attacks, the deception attack on controllers is a common form and usually satisfies the
following assumptions: the hackers can steal the state information or measurement output of the agents to
generate false data, which can then be injected into the controller. As shown in Figure 1, the hackers can attack
the controller of agent i by injecting false data. Thus, the actual data received by the actuator of agent i is as
follows:

i (1) = ui (1) + W(1)¥a (x; (1), 7). (11)

The compact form of expression (11) can be written as:
() =u(t) + W()Wa(x(1),1). (12)

where u(7) is the designed control input and W (7)¥, (x(), 7) is the false data. The matrix W (r) is an unknown
and time-varying matrix that satisfies [|[W(¢)|| < w(z) with u(¢) unknown and bounded, represents the in-
jection patterns of the false data, for example, W(7) may be a matrix composed of elements 0 and 1, that is,
sometimes false data is injected, sometimes not, to confuse users. Thus, the attack is difficult to be detected
by users. W, (x(7),1) is a function of x(¢), which means the false data generated via the state x(r), and satisfy
I¥o (x (), )|l < ¢ (x(r), 1) with ¥ (x(r), ) a known nonnegative function.

Remark 2. The deception attacks considered in this work focus on the controller, that is, u(7) may be suffered
from the false data injection, such as the problem considered in some literature**¢! and so on. The deception
attacks can also occur in the communication channel between agents, that is, x(¢) may be affected by false data
injection during transmission >4,

3. MAIN RESULTS
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3.1. Adaptive SMC law

To cope with the impact of the deception attacks, the information about the attack is usually utilized to design
the controller. For example, when the upper bounds u(r) and ¥ (x(r),) of the attack are known, the de-
sign of the controller is relatively easy to implement, but the fixed upper bounds will inevitably lead to larger
conservativeness. To overcome this problem, an online estimation strategy will be employed to estimate the
time-varying and unknown attacks, based on which, an adaptive sliding mode controller will be designed to
attenuate the effect of the unknown attacks on MASs.

Design the sliding function as follows:

si(t) = ceyi(t) + ex(t), (13)
with ¢ > 0 the sliding gain, denoted s() £ [sT(7), s} (1), - -- ,sITV(t)]T, the compact form of sliding function
(13) can be written as:

s(1) = cei (1) + ex(1), (14)

From (7), we can obtain the derivative of the sliding function:

$(1) = cea(t) + éx(1)

(15)
=cer(t) + (L+B) ® I, - (ii(r) — Iy ® up(2)) .

Under these constraints considered in this work, the ith agent cannot receive accurate and complete informa-
tion from neighbor agents, the switching function (13) under fading channel is rewritten as:
5i(t) = ceni(t) +ex(1). (16)
The compact form of expression (16) as:
5(t) = cei (1) +ex(1). (17)
Then, construct the sliding mode controller as follow:
u(r) = uq(t) +up(1), (18)
where the robust term u,(7) is designed as :
ug(t) = —(L+B)™' @1, - (ky - sgn(5(1)) + cé2(1)) + Iy ® uo (1), (19)
with k; > 0, and the adaptive term u () is designed as:
wp(t) = =(L+B)"' ® I - (IL + BIANY (x(2), 1) - sgn(5(1))). (20)

where /i(7) is the estimation of u(7) under the following adaptive law:

fi(t) = O|IL + Bl - Proj(a(r), |37 (1) ¢ (x(1), 1)), (21)
with 6 an adaptive parameter, and Proj the smooth projection >’ as:
Proj (A(1), [|s" ()| ¢ (x(1).1))
[Is" (O] ¢ (x(0). ). if p(a(0)) <0,
s @llw (0.0, i @) = 0and @' (o) " O] w (x(0).) < 0, (22)
Is" @) (x(0). ) — LELEEDIEDIOD 17 (7)), otherwise,
where the continuous function ¢(fi(7)) defined as:
2 ~2
ea) = 20 145 (23)

5 2

max
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with {4, the given bound of projection, and scalar 0 < 6 < 1.

According to Imbedded Convex Sets Assumption [*”), we obtain:

[Proi (20, 5" [ o e, 0)) | <Is” @y 01,0, (29)

and
(A1) = (1) (Proj (A (o), ||s" ()] w (x(2), 1)) = ||s" (D] @ (x(1). 1)) < 0 (25)

and these two conditions will be used in the following derivation.

Remark 3. In some existing reliable control methods, the known bounds of attacks are usually utilized, which
may inevitably yield larger conservativeness. To overcome this shortcoming, the online estimation mechanism
for unknown attacks/faults was proposed in some related works [23¢]
estimation mechanism of the attack is integrated with the SMC technique in this work.

. Inspired by these works, the online

3.2. Consistence and Reachability

Theorem 1. Consider the MASs (3)-(4) with channel fading (8) and deception attacks (12), under the proposed
SMC law (19)-(20), the reachability of the sliding surface s(r) = 0 can be guaranteed in the sense of mean
square.

Proof. Choose the Lyapunov function as follows:

V(s, 1) = %ST(t)s(t) + %9-1;;20), (26)
where [i(1) = fi(r) — u(z) is the estimated error with fi(¢) = [i(7).

Then, by the expressions (15) and (21), the derivative of V; (s, ) can be given as:
V(s, 1) =s"(1)$(t) + 07" 1(1)fi(t)
=s"(1)(cea(r) = cér(t) + (L + B) ® I, - W(1) ¥, (x(1), 1)) (27)
—|IL+ Bl - 4y (x(1), 1) - sgn(5(1)) — ky sgn(5(2))) + 6~ @) (1)
Taking mathematical expectation to the above expression (27), one has:
E[V(s,0)] =s" (1) [ce2(1) = cE(&2(1)) ~ kiE(sgn(5(1))) + (L + B) ® L
-W()¥a(x(2),1) = |IL + Bl Ay (x(1), 1)E(sgn(5(1)))] (28)
+IL + Bl (A(t) = (1)) Proj(fa(e), |57 ()| v (x(2), 1)).
It can be easily verified from expressions (5) and (9) that E (e, (7)) = E(€1(¢)), E (e2(z)) = E (é2(¢)). Mean-
while, it follows from (14) and (17) that E (s(¢)) = E (5(¢)). Then, one can obtain:
E[V(s,0)] == kis" () sgn(s(2)) + " (1) (L + B) ® Ly - W (1) ¥, (x(1),1)
+IIL + Bl (A1) = () Proj(a(r), [|s" (1)]| ¢ (x(2), 1))
= sTIL +BIIA) - (x(1),1) sgn(s(1))

’ ’ (29)
< —kills" @I+ IL + BIIW @) [ (x (@), )l ls™ ()]l
+IIL + BI[(A(t) = u(0))Proj(a(o), lIs" ()] - v (x(2), 1))
= L+ Blla0)y (x(0),n)lis" (1)1l
By the conditions [|[W(2)|| < u(?), |Wa(x(2),1)|| < ¢ (x(7),1), one has:
E[V(s,0)] <= kills" @l + 1L + Bl (u(2) = a@) ([Is" (1) (30)

Y (x(1), 1) = Proj(Aa (o), [|s" (1)]| - ¢ (x(1), 1))
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Then, it follows from (25) that:
E[V(s.0)] <= kills" ()l

<0. 50

Hence, the reachability of the sliding surface s(7) = 0 can be ensured in the sense of mean square. -

Theorem 2. Considering the MASs (3)-(4) subject to deception attacks (12) and channel fading model (8), the
consensus tracking for MASs (3)-(4) will be achieved under the proposed sliding surface (14) and the SMC
law (19)-(20).

Proof. Select the Lyapunov function:

U = 3610 e1(1) + 520 e2(0), (52)

Its derivative is given as:
U(1) = e} (1)é1 (1) + e (1)éx (1)
= e} (Nea(r) + e (Déa(0).
When the sliding surface s(¢) = 0, it follows from (14) and (7) that e»(r) = —ce(7) and €2(¢) = —cea (1), then
we can obtain:

(33)

U(t) = e] (1)ea(t) + €] (1)é(t)

= —cel(t)Tel(t) - Ceg(t)EZ(t)

(34)
=—cllei(®)II* = clle2(0)|1?
<0.
Combining the results of Theorem 1, the consensus tracking of MASs (3)-(4) can be ensured under the pro-
posed sliding surface (14) and the SMC law (19)-(20). m|
4. SIMULATION

Consider the second-order MASs with one leader and 4 followers, where the communication topology between
agents is shown in Figure 2. The blue arrows indicate that the followers receive the complete information from
the leader, while the red arrows indicate that the information interaction between followers is over fading
channel. Thereby, follower 1 and follower 2 can receive accurate information from the leader, follower 3 can
only receive the fading data from follower 1, and follower 4 can only receive the incomplete data from both
follower 1 and follower 2. For simplicity, in this simulation example, the adjacency weights between neighbor
agents are set as 1.

Then, according to the leader and followers’ topology, we can get the adjacency matrix A, the diagonal matrix
B, and the Laplace matrix L of these MASs as follows:

0000 0 0 00
0000 0 0 00 ,

e P B IO,B—dlag{IIOO}.
1 100 -1 -1 0 2

In this simulation, the initial state of the leader’s position, speed, and control input are set as xo = [10,-10]7,
vo = [10,-10]7, up = [cos(t),sin(t)]?, the initial state of the followers’ position and speed are set as x| =
[10,-2]7, v = [20,-2]T, x» = [15,15], vo = [20,3]7, x3 = [25,5]7, v5 = [15,0]7, x4 = [45,15],
v4 = [35,0]7, and the injection packets W (¢)W, (x(),1) setas W(z) = [1, 1,1, 1] and ¥, (x(), ) = 10x(¢)sin(z).
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Figure 2. Communication topology diagram of MASs. MASs: multi-agent systems.
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Figure 3. The trajectories of the MASs under the robust control term u, (1)(19). MASs: multi-agent systems.

The sliding mode controller parameters are chosen as ¢ = 1, k; = 0.1.

Simulation results are shown in Figures 3-7. Among them, Figure 3 shows the tracking trajectories of MASs
under the robust control term u,(7) (19), and the horizontal and vertical axis represent the position state of
different dimensions, respectively. As we can see from the Figure 3, the trajectories of the agents don’t converge
to a point, which indicates that the MASs under the robust control term u,(7) (19) can't achieve consensus
under the deception attacks. For comparison, Figure 4 shows the tracking trajectories of the agents under
the proposed adaptive SMC law (18), and it is shown that the closed-loop MASs under channel fading and
deception attacks can achieve consensus tracking. Figures 5 and 6 show the position error e (¢) and velocity
error e, () between followers respectively. Figure 7 shows the sliding variable s(7) of the followers, respectively.

Remark 4. As shown in Figures 5-7, agents 1 and 2 have better consensus tracking performance with smaller
amplitude oscillating and smoother curves, that is, because they can receive accurate information from the
leader. In contrast, agents 3 and 4 perform worse because they cannot obtain information from the leader, but
only from neighbor agents over fading channel ( as shown in Figure 2). Even so, the proposed adaptive SMC
scheme can still guarantee consensus tracking of all followers, as shown in Figure 4.
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Figure 4. The trajectories of the MASs under the adaptive SMC law (18).
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Figure 5. The position error ¢, () of the followers in Figure 5A-D. A: Position error of the Ist agent; B: Position error of the 2nd agent; C:

Position error of the 3rd agent; D: Position error of the 4th agent.

5. CONCLUSION

This work considered the consensus control problem of MASs under deception attacks and fading channels.
Due to the fading channels, the position and velocity errors cannot be calculated accurately. To solve this
problem, the consensus tracking error variables have been designed based on the fading data received from
neighbor agents. Meanwhile, the distributed adaptive SMC strategy via fading information has been proposed
to deal with the time-varying and unknown deception attacks injected by the hacker. Utilizing the proposed
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Figure 6. The velocity error e,(r) of the followers in Figure 6A-D. A: Velocity error of the 1st agent; B: Velocity error of the 2nd agent; C:
Velocity error of the 3rd agent; D: Velocity error of the 4th agent.
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Figure 7. Sliding variables s(¢) of the followers in Figure 7A-D. A: Sliding variable s(¢) of the 1st agent; B: Sliding variable s(¢) of the 2nd agent;
C: Sliding variable s(r) of the 3rd agent; D: Sliding variable s(r) of the 4th agent.

scheme, consensus tracking can be achieved. Only malicious attacks and channel fading have been considered
in this work. In practical applications, there may coexist multiple constraints, such as actuator/sensor faults,
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packet dropout, random noise *>*°), etc. Under these constraints, how to design a feasible consensus control
method is worthy to research in future work.
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Abstract

This paper investigates the issue of decentralized control for interconnected semi-Markovian systems with partially
accessible transition rates (TRs). Firstly, adynamic system model with a memory event-triggered mechanism (METM)
is designed, which can effectively improve the fault tolerance of the event-triggering mechanism by employing the
historical trigger data. Then a state feedback control model with dynamic METM is constructed, in which the semi-
Markovian parameters with completely unknown and partially known transition probabilities are considered. Some
sufficient conditions that insure the stochastic stability of the interconnected semi-Markovian systems can be ob-
tained by utilizing the Lyapunov function and suitable model transformations method. Meanwhile, the parameters
and the controller gain matrices of dynamic METM are also solved simultaneously by applying the linear matrix in-
equalities (LMlIs). Finally, a simulation example is given to verify the effectiveness of the proposed method.

Keywords: Decentralized control method, interconnected semi-Markovian jump systems, partially accessible transi-
tion rate, dynamic memory event-triggered mechanism.
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1. INTRODUCTION

With the prompt development of modern industry, the requirements for system scale and control objectives
are increasing. Many single systems improve their own characteristics through interconnection to meet local
and global performance requirements!!), Nowadays, interconnected systems are widely used in actual pro-
duction and life, such as power systems 2], intelligent transportation systems (3], and network communication
systems!*). The interconnected systems are large-scale composite systems which are composed of several sub-
systems connected in a specific way. Interconnected systems usually have strong coupling, strong uncertainty,
high dimensions, and other characteristics. Thus, the existing traditional control strategies designed for a
single system are difficult to directly solve the analysis and control problems of interconnected systems 5,
Therefore, many scholars are devoted to the control analysis and design for this kind of large-scale system.

Recently, decentralized control methods have been applied to interconnected control systems, where the sub-
system only uses its own information to achieve the control design. Due to its simple structure, low cost, and
high reliability, the decentralized control method has drawn wide attention in the control design of large-scale
complex systems, and numerous research results have emerged [, For example, a decentralized control strat-
egy for the linearized power system with different load distributions was studied in (). A decentralized adaptive
sliding mode control mechanism for the stability of large-scale semi-Markovian jump interconnected systems
was proposed in['®'!], and a decentralized output feedback control for large-scale systems with communica-
tion delay and random shortcoming measurements was studied in (>, Recently, it has also witnessed rapid
growth in the application of decentralized control methodologies in the field of engineering. For instance, a
decentralized Markovian jump H, control routing strategy for mobile multi-agent networked systems were
investigated in '], The adaptive fuzzy decentralized tracking control for large-scale interconnected nonlinear
networked control systems was studied in ('), and a Lyapunov-function based event-triggered control was
adopted to develop nonlinear discrete-time cyber-physical systems'®). However, the decentralized control of
interconnected systems is still an open field to be developed, and there are still many problems to be discussed.

It is noticed that most actual systems are often affected by some sudden changes during operation, and such
systems can be represented by Markovian jump systems (M]JSs). However, the residence time in MJSs fol-
lows exponential distribution and the distribution of residence time has no memory, that is, the transition
rate is a random process independent of past modes, which brings some limitations to its application 7). In
comparison with MJSs, the dwell time of semi-Markovian jump systems (S-MJSs) can obey non-exponential
distributions, such as Weibull distribution and Gaussian distribution. The S-M]JSs release the limitation of the
probability distribution function and reduce the conservatism of the system, thus they have wider application
in practice!'8). In recent years, many important theoretical advances and practical significance for S-MJSs can
be found. For example, the authors in!**) studied the dynamic output feedback control for a class of linear
S-MJSs in the discrete-time domain. The stability of singular switching S-MJSs with uncertain TRs was de-
veloped in[2°), In[2'], by using the LMI method, the authors studied the stochastic stability of linear S-M]JSs,
where TRs were divided into different parts. It is often difficult to fully know the jumping probability of modes
when the system is modeled as a MJS or S-MJS. It is noticed that the TRs in S-MJSs are more complex because
they stick to a more ordinary distribution instead of an exponential distribution 22>}/, Consequently, the
study of different forms of TRs would increase the complexity of the process of control design. Recently, an
estimation method has been proposed for nonlinear S-M]JSs with partially unknown transition probability and
output quantization, see!>* and the literature wherein. However, few related works involve exactly unknown
and uncertain bounded transition rates of interconnected S-M]Ss, which is one of the main motivations of this

paper.

Additionally, the event-triggered mechanism (ETM) was drawn to avoid the waste of network resources. Com-
pared with the periodic sampling method, the ETM can avoid the generation of data redundancy 2>-?”), How-
ever, if the event-triggered threshold argument is a constant, it is difficult to fit in the variety of outside and
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internal environments. The methods for solving this problem can be summarized as the following two types:
the adaptive event-triggered mechanism and the dynamic event-triggered mechanism (DETM) 22!, For in-

stance, the authors in 3]

proposed an improved dynamic ETM to handle fault detections and isolation issues.
And the authors in*Y studied the adaptive event-triggered problem of networked interconnected systems. It
should be noted that the majority of triggering conditions are devised based on the diversity between the cur-
rent sampling signal and the latest released packet'*?). In the above DETM methods, when the relative error
between two sampled signals is faint, the current packet is unlikely to be released. Thus, the error message is
not sufficient to reflex all dynamic characteristics. A sensitive DETM should consider more system trends in
order to achieve a good balance between system performance and utilization of communication resources **/,
For instance, during the transient process, when the system dynamic curve achieves the response peak, the
proportional error among two sampled signals is faint *4l. The DETM is unlikely to deliver the packet. How-
ever, we expect more sampled signals to be delivered in order to curtail the transient process. For this purpose,
we design a weight-based dynamic METM on the base of the existing literature >}, Applying some of the
recently released information to ETM has shown to be effective in improving system performance. Obviously,
the dynamic METM can appropriately release more packets and get better control performance under the same
triggering parameters within a predefined limited time interval *”). To our knowledge, there are few results on
dynamic memory event-triggered control for the interconnected semi-Markovian jump systems, which is the
second motivation that lead to our current study.

Enlightened by the viewpoints above, this paper focuses on the decentralized control for a dynamic mem-
ory event-triggered interconnected S-MJSs with partially accessible TRs. The main highlights of this paper
are summarized below: (1) a decentralized control model for the S-MJSs with partially accessible transition
rates is constructed, where a weight-based dynamic METM is first developed to reduce the signal communi-
cation burden and save limited broadband resources; (2) construct a semi-Markovian jump mode-depended
Lyapunov-Krasovskii functional, and some sufficient conditions are deduced to guarantee the asymptotic sta-
bility of the considered system. The controller gain matrices and weighting matrices of dynamic METM are
gained in terms of the LMIs technique. Meanwhile, the design scheme proposed is verified via a simulation
example.

The rest of this paper is described as below: Interconnected semi-Markovian jump system models with mem-
ory event-triggered mechanisms are established in Section 2. Some main results are presented in Section 3. A
simulation example is given in Section 4, and a concise conclusion is drawn in Section 5.

Notation: In this paper, R” and R represent the n-dimensional Euclidean space and the set of n x m real
matrix respectively; the superscripts PT and P~! stand for transposition and inverse, respectively; diag{- - - }
indicates a block diagonal matrix; O > 0(> 0) denotes a positive matrix; E{X} submits the mathematical
expectation of the stochastic variable X; the notation ” * ” stands for the symmetric structure.

2. PROBLEM STATEMENT

2.1. System model description
Consider an interconnected semi-Markovian system, which is defined in a fixed probability space (X, F, P)

and composed of N subsystems X;(i = 1,2, -- -, N). The dynamic description of the i th subsystem is as follows
N
51(1) = Aulr)m(0) + Biru( + Y Gl @), M)
j=1,j#i

where x;(r) € R" and u;(¢) represent the state vector of the i th subsystem and control input, respectively. The
matrices A; (1), Bi(r;) are of proper dimensions. G;;(r;) denotes the interconnection matrix of the i th and
J th subsystems; {r; > 0} defines a continuous time semi-Markovian process taking discrete values in a finite
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Controller i Sensor

Figure 1. A framework of decentralized control system with METM.

set S ={1,2,---,s} and the generator is given by

T ()6 +0(0),m # 1,
Prirys =llr,=m} = (2)
1+ 7 (6)6 +0(8),m=1,

where § > 0 and éin(l) @ =0, m,,;1(6) > 0, m # [, denotes the transition rate from mode m at time 7 to mode
—

[ at time 7 + 6, and satisfies 7, (0) = — Xj_; 1, Tmi(6) < O, for each v, = m € S. More universal uncertain
transition rates are taken into account with the following cases. (1) 7,,,;(9) is completely unknown; (2) 7, (6) is
not completely known but there are upper and lower bounds. In case (2), we assume that 7,,;(6) € [x,,;, 1]
in which 7, , and 7,,; are known real constants meaning the lower and upper bounds of 7,,,; (6) respectively. The
parameter matrix of the system (1) can be abbreviated as (A, Gjim» Bim). The TRs matrix can be described

as

m11(6) ? m3(6) - ?
? ? 723(8) -+ mas(0)
{) 7752.(5) ‘) . . ﬂss‘(é)

where 7" represents a completely unknown element of TRs. For brevity, Vm € S, let A, = A, x U Ay
where A\, x = {l : m,,;(6) known upper and lower bounds for/ € S}, A, .k = {/ : 71 (6) completely unknown for
[ € S}.

2.2. Interconnected semi-Markovian jump systems with dynamic METM

To economize network resources and improve data transmission efficiency, here one introduces a dynamic
METM. Unlike the other ETM, which only uses instantaneous system information, the proposed METM con-
siders the historically triggered information. Suppose the event-triggered time of the current sampling data
is tyh, where 1 (k = 1,2,3,---) and h represent some positive integers satisfying 1 < {0, 1,2,---} and the
sampling period of the sensor, respectively. Define the difference between the latest released sampling data
and the current sampling data

AB (1) = xi(tigur ) = xi(th + €h), g = 1,2, , M, (3)

where € € N; = {1,2,---}, M denotes the memory length, and #; / indicates the event-triggered instant. The
next releasing instant 744 1 is determined as follows

M
teah = teh+ mingeh] ) yg (A (0) QAL (1) > 6,0 (1 + eh)Quxiich + eh)), (4)
EEN]
g=1
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where ©; > 0 are the weighting matrix; y, € [0, 1] are the weighting parameters of the corresponding packet
and satisfy 22/1: 1 Yq = 1. 6;(t) are the memory event-triggered threshold and meet the following conditions

L 6
0X(r)  6:i(1)

M

6i(1) = ( ) D v (A () AL (), (5)
g=1

where 6;(7) € (0,1] and 6y > 0 is used to regulate the release rate of sampling data. The framework of the

decentralized control for interconnected semi-Markovian jump systems with a dynamic METM is shown in
Figure 1.

Remark 1. From (5), we can obtain that the dynamic threshold 6;(7) is related to the error variable e;];)(t).
When the error variable tends to zero, for instance, the system tends to be stable at the equilibrium, the dynamic
threshold converges to a constant. When 6;(¢) > 0, 6;() is monotonically increasing, which means that the
release rate of data at the sampling time will reduce. On the contrary, when 6;(¢) < 0, 6;(¢) is monotonically
decreasing, the release rate of data at the sampling time will increase. In particular, when 6;(¢) = 0, the event-
triggered condition becomes the traditional memory event-triggered condition ?2).

Remark 2. By using the historical trigger signals, a memory-base event-triggered condition is proposed in (4),
where the past events are assigned appropriate weighting values. This METM can not only save network re-
sources but also can improve the fault tolerance of the event-triggering mechanism compared to the traditional
design.

We divide the sampling time interval [7x/ + Ty, tx+1h + T41) into ey + 1 parts as follows:
[teh + Ths it h + Tir) = VI, (6)

where/ =0,1,2,---, EMEM = min{l|tkh+(l+1)h+Tk > l‘k+1h+‘1’k+1} and I, = [l‘kh+lh+‘l'k, tk+1h+l/’l+/’l+7'k+1),
7 denotes the network induced delay. Define delay function 7;(¢) = — (txh + €h), and we can get

0t <7(t) <t +h <1y,t el (7)

Define the error variable ef;;) (t) = x;(tk—g+1h)—x;(tx h+€h), and combine the delay function 7;(¢) = t—(tyh+eh),
then we can obtain

Xi(thogurh) = e () +x;(txh + €h) = e (1) +xi (1 = 7:(1)). (8)
The control input u; () in system (1) can be designed as

M M
wi(0) = D K roxilt-gnh) = ) K [ely) (6 +xi(t = ()]t € 1. ©)

q=1 q=1

Based on the above analysis, system (1) can be rewritten as

M M N

. k

51(1) = Aimi (1) + Bim > KL xi(t = 7(0)) + B Y Kih el ()4 > Gjimx; (1), (10)
g=1 g=1 j=1j#i

where K/ is the controller gain matrix. Next, a definition and some lemmas will be innovated to deduce the
subsequent results of this paper.

Definition 1([1¢)): Suppose V(x(1),r;,¢ > 0) is a functional candidate, then the infinitesimal operator IV ()

is represented as

E{V(X(t + 6)7 rl+6)|x(t)9 rl} - V(x(t)» rl)
5 .

IV(x(0),rr) = lim (11)
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Lemma 1(*#)): For a given scalar y; € (0, 1), the continuous function 7;(¢) € (0, 7] and %;(z) : [-7,0) —
R™, there exist positive symmetric matrices R; € R">" and S; € R?"*2" to make the inequality hold

t
TM/ xiT(s)R,-xi(s)ds > wTﬁliwl + wgﬁziwz + ZwTSicug, (12)
-ty
where
Rii=Ri+ (1 — ) (Ri = SRS, Roi = Ri + pi(Ri — SF RS, Ri = diag{R:, 3R},

xi(t = 7(2)) = xi(t — ) ] o= | O =X = Ti() ]
xi(t=7(0) +xi(t —n) =200 )7 |xile) #xit = (1)) = 200

Sli SZi:| 1 t 1 /t—‘r[(t)
Lol = —— x;(8)ds, ppj = ————— x;(s)ds.
Ssi Su P (1) Ji—u) H(s)ds, pa i = Ti(1) Ji—ey 1(s)

wi =

o

Lemma 2(32%0)): For a real scalar a; > 0, the matrices W; > 0, X;,, > 0, the following inequality holds

~XimWi Xy < =20 Xip + @?Wi,m € S. (13)

3. MAIN RESULTS

Our purpose is to co-design the memory controller (9) and dynamic METM (4) so that system (10) with
partially accessible transition rates is stochastically stable. By utilizing the Lyapunov function method, some
sufficient conditions that insure the stochastic stability of the interconnected semi-Markovian system (10) are
given. Then, a controller design scheme based on LMI is given in Theorem 2.

Theorem 1. For given positive real number 74y > 0, @; > 0,y > 0,80 > 0,&;; >0(j =1,2,3,--- ,M +3),
and y; € (0, 1), the interconnected semi-Markovian jump control system (10) is said to be randomly stable
with partially accessible transition rates and dynamic METM if there are positive symmetric matrices P, > 0,
Qim > 0,Q; >0,R; > 0,Q; >0, and matrices Kl.‘in, Sii, 82, S3; and Sy, with proper dimensions, such that the
following matrix inequalities hold:

Case 1. If A\, #0and A\, # 0, m € A\, 4, forVj € A, x> we have

éim * * * * * * * *
llr:t —¢im * * k * s £ k *
l—‘lzni 0 R * * * o * * *
F?,,l, 0 0 —gnR; * * * * *
L 0 0 0 —&3R; * * * *
0 (14)
oo 00 0 —eu; . N
relo 0 0 0 0 —eimnRi  x %
r’ o 0 0 0 0 0 R *
o0 o 0 0 0o - 0 0 -R
Qi+ ), mu(h(Qi-Q;j) <0, (15)

LNk
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where
E}l * * % ES %k %
=21 =22 * * * * *
m m
=31 =32 =33 * * * *
“im “im im
=41 g2 243 B4 . N
= = m Tim TIm s
lan) = ~ = =~
" ‘5‘167? Zim _S4i S4i Sim :26 * ’
Chi 0 0 0 0o = *
~M+5,1 AMA+5,M+5
B 0 0 0 0 0 B
.-.11 ”ml(h)
= sym{PinAiun} + Q=41+ w)Ri+ Qi+ Y = ) A (W)(Pa = Piy)].
—Ak
IeAm,uk le/\m,k

Case2. If A\, #0and A,k # 0,m € A\, > for Vj € A, x> we have

N
~
—

Eim * * * % * % % *
11 5
e —Pim * * * * % % %
Flzni 0 —R; * * * * * *
00 R s . . £
r 14”]’ 0 0 0 —-&i3R * * * *
oo 0 o0 0 —suR; * x|S0
61
e o 0 0 0 0 —simnRi x
7 0 0 0 0 0 0 —R; *
sl 0 0 0 0 0 0 0 -R;
Pz'm_PU —0 le_Qlj >0
-Q; + Z i (h)(Qi — Qij) < 0,
lE/\m,k
where
=11 * * * * * *
=21 =22 * * * * *
m m
=31 &2 &3, L, .
“im “im —im
=4l 242 243 E44 . "
R - N e
() = — — ~
" j’6"11 im _S4i S4i = im 66 * ’
‘:‘im 0 0 0 0 Mtm *
=M+5,1 AM+5,M+5
E4ST 0 0 0 0 0 M

_‘lr}l = sym{PimAim} + Qim + T Qi — 4(1 + )R,

ﬂml(h)
! ,e/\Z: ~Tmm (h) — Ak [le; Tt (h) (Pt = Pij) + tmm (h) (Pir = Pij)]-

Page 7 of 23

(16)

(17)

(18)
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Case3. If A\, x =0, \pyur # 0, m € )\, 1> and there exist [ # m and l € A, ,x, we have

'élm * k % * % * * &
l"l.lni _¢im * * * * * * *
rioo  -r o« * * # %
Fi3nl1 0 0 —enR; * * * * *
r, 0 0 0 —&ei3R; * * s *
oo 00 0 —suRi * s x| <0 (19)
rélo 0 0 0 0 —gimaRi  x *
r 17,'1 0 0 0 0 0 0 R, *
FS; 0 0 0 0 0 0 0 —R;
where

é!l % * 3k 3k 3k 3k

=21 =22 * * * * *

m ~tm -

=31 =32 E=33 * * * *

m m l

=41 Z42 243 B4, " "

= | sl Zm T T
—im :‘lﬁnf v -8y Sy (o ~>l(<’6 * ’

Chin 0 0 0 o =, - *

EM+5,1 0 0 0 O 0 EM+5,M+5

Lim m

B = sym{PimAim} + Qim + Qi — 4(1 + ) Ri + ammy () (Pim — Pij)-

=im
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In addition, the other scalars are given as follows

& = Z(K;)TB,-T,,% = 2(1+ pi)Ri = Sii = S — S — Sur,

'_'22 = —2(4 +/J,)R - 281, + 282, - 28’;, + 284, + Q.l, S = —81[ - Sz,' + 83[ + S4,',
H32 = _2(2 - ,Ll,)R +81i -8 =S5 +S4u—-l3n: =—Qim 4(2 ﬂl)Rl’

—im

B = —Sai — Suin Bl = S5 — Sy +3(2 - u,)Rl,::‘,i =3(2 - u)Ri, By = =32 = u)R;,

"51 =31+ p)Ri, B2 = =S80 +3(1 + ) Ri, By = =3(1 + )Ry,

l"_‘lm 1y Hlm

:?,},=( ) B Pim, B = =001, > = (KO ' BY P, E M = —00ym €,
F},,ﬁ:[ggmﬂm 00000 - o],

Pim = —(N = 1)~ diag{e}' Pim, - - ,SJ_-llpjm,j#,“' EN1PNm )

P20 =R [P B DN K, 00 0 Bkl - Bkl
=R [Am 0 0 0 0 0 -~ 0],

ri = l[o B TM KL 0 0 0 0 - 0],

r5‘_TMR [0 0 0 00 Bk, 0],

l=ryRi [0 00 000 - BkM],

) =tuRi[Gijm 0 0 0 0 0 --- 0],

Page 9 of 23

Ri=—(N-1)"diag{(1+ep+e3+- - +&ms3) R, (L+gpn+ e+ +&m43) " Rjojsi»

-1
,(I+en+en3+---+eyms) Ry},

0 Sll' + S3i —81,' + Sgi —Sgi 0 0 0
Fgl _ 0 Szi + 84,' —Szi + 84,' —84,' 0 0 0
m Sli + 83,' _Sli + 83,' 0 0 —83, 0 0|’
Szl' + 84,' —Sz,' + 341' 0 0 —34, 0 0
Ri = diag{~(1 - )" Ri, =3(1 = )™ Ri, 17 'R, =37 ' R}

Proof: Define the following Lyapunov-Krasovskii functional V(x(z), r;):

N
V(x(t),r,) = Z[Vl (x;(2), 1) + Va(xi(2),ry) + V3(x;(2), 1) + Va(x;(2), )],
i=1

where

Vi(xi(1),r2) = x7 (P (ro)xi (o),

Vao(xi(2),ry) = / t x] (5)Q; (ro)xi(s)ds + / t x] (5)Qixi(s)dsdv,

- TM —-™

Vs(xi(1), 1) = Tag / AT ()R (s)dsd,

Ty

Va(xi(t),r) = 591' (t).

According to Definition 1, we can get

(20)
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IVi(xi(t), 1)

1
= lim, 5{[1:%,, Prirus = llry = myx] (i + 8)Puxi(t +6)]
+ [Pr{riss = mlry = myxf (1 + )P (1 +6) = x] () Pinxi(1)]}

S Prirns=1lr =

’"}x,.T(r +6)Puxi(t +6)]

- 513& 5 [l=1,l¢m Pr{r, =m}

+ Jim (15 i ’”{’;j;[”: . }: " (1 4 6)Pos(1 + 8) = X1 (1) Poms ()]

= Jig, %RZZ el e P10 v
+ lim + [Mx?(; +8)Pimxi (t +8) — X} (1) Pimxi(1)]

650t 6~ 1= ¢m(h)

S

.1 At (@ (B +6) — ¢ (h))
= lim = [,:%:‘tm = X1 (t +6)Pux;(t +6)]
+ Tim [M(x?(; +6) = xT (1) Ponxi (£ + 6)]

6-0v 6" 1= ¢u(h)
1[1_¢m(h+5)x ¢m(h+6)_¢m(h)
I- ¢m(h) I- ¢m(h)

5—0% O
where £ is the dwell time when the system jumps from the previous mode to mode m, ¢,,(h) represents
the cumulative distribution function of residence time when the system (10) maintains in m th mode, A,y
represents the probability density from mode m to mode . Using the properties of cumulative distribution
function, it can be seen that
1 ¢m(h +6) - ¢m(h) _

1 =¢u(h+6) . 1
S T s Toeum )

§ (P (i (1 +8) = x;(1)) = x; (D) Pimxi (D],

where 7, (h) represents the transition probability of the system in mode m. When m # [, we have m,,;(h) =
A7 (h) and 7, (h) = — Zle#m i (h), one derives that 3V (x; (1), r,) = xiT(t)(Zf:le T (W) Pi)x; (1)

+ ZxF(t)Pimxi(t).

According to [22] there is a scalar si‘]l € (0,&, 11, and we know that

N N N N N
Dol P Y Gimxi() < D (e D X[ (DG Pin D Giimx; (1) + &3 x] (VPunxi(1). (23)
i=1 J=lj#i i=1 J=lj#i j=lj#i

Similarly, the IV, (x; (1), r;), IV3(x;i(1), 1), IVa(x;(t), r;) can be written as

IVa(xi (), 1) = x] (O)Qimxi (1) = X[ (t — Ta) QimXi (t — Tag)

s () Quxi (1) + /

-ty

(5@ + D 1 () Q)i (5)ds.
I=1

IV3(xi(t), re) = Tagk} (R () — T / X (s)Rii(s)ds,

—Tnm

M M
SVa(xi(1), ) = 9%) D g (AR )AL (1) = 0 D" 7y (A% ()T QAL (1)
! g=1 g=1

M
<! (0 = (1) Qi (1 = 71(1) = 60 ) vg (el (1) Qiels (1),
g=1
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According to Lemma 1, one further comes to

where

And

—Ty

—Tm

&= [T JTe-n@) Te-m) 200 205,

=11 * * * *
m
=2l =22 * * *
m “im

= =31 '—'32 =33

. o o= |- =

=im “im  Tim  Tim * *
s =2 8 s
m m m m
Bl g2 g3 gM og»
m m m m m

B2 = =24+ u)Ri — 281 + 280 - 2331 + 2341, B Slz Szi + SSi + Sy,

22 = 85— Sy +3<2 mve,,:“ 32 ) REY = 32— )R,

l?h‘[m

X (ORx (1)
M
= (Aimxi(1) + By Y Kihxi(t = 7:(1)) + Bi Z Ki el ()"

M M
Ri(Aimxi (1) + Bim D Kixi(t = 7(0) + Bi ) K el (1)
g=1 g=1

+27 () AL R Z Gjimx; () +2x7 (1 — T,(t))ZKq "8I R; Z Gjimxj (1)
J=Lj# =1 Jj=1j#i
N

M N
2> (e ()KL BLR: Z Giimxj (D + D X[ OGHRi D Grimx; (1),
g=1

J=Lj# J=Lj#i J=Lj#i

Page 11 of 23

T (9)Riki(s)ds < ENOEiméi(1) + (1 — ) 0T SR ST wy + 0w STR ' Siw,, (24)

=31+ )R B2 = =Soi + 3(1 + )R, B = =S, Bt = Su, B2 = =3(1 + up)Rs.
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where
N N
D OALR D Giimx; (1)
i=1 ]:1 J#i
<Z<<N—1> Z &%) (DG RiGijmxi (1) + &5 5] (DAL RAuxi (1)),
Jj= 1/#—1
N
Z(z)c?(r—n(r))ZK;’mTBm > Gjimxj(1)
i=1 g=1 j=1,j#i
<Z<<N—1> Z £i3x] (t = Ti(0) G, RiGyjmxi(t = 7 (1))
Jj= 1/#—1
+erxl (1 - 7(1) Z K!8 R B, Z K xi(1 — (1)),
q=1 =

N M N
D@D OVKL BLR D Gimx (1)
i=1  g=1 j=1,j#i

N N

Z((N— N Y eax! (DG, RiGimxi(1) + &5 Z(e“’(r))TK;{,,TB;RiBimZK,%,, S,

i=1 j=1j# q=
N N N N N
Z( Z KOG NRi Y. Grimxi(0) < DN =1) > X (G, RiGimxi(1).
i=1 j=1,j#i J=Lj#i i=1 Jj=1j#i

Letn; (1) = [fT(t) (e(k)(t))T (eg;?(t))T]T, then we obtain

N
V(x(t),r,) < Zn?(t)[rlom_i_(l—*ll)Tp lrll +(F21)TR 1F21 +8_1(F3I)TR 11—~31 5 (1—~41)TR 11-41

im~ im im im im
i=1

+8!4 (F )TR Flsni zM+1 (F )TR FGI + (th)T7€ 1F71(F1m

)R T Imi(1)
N

= > 0 (O (0),
i=1

where I'? = 5, (casel), 0 = E;,(case2), T = E,(case3).

Therefore, if IT;, < 0 and —Q; + X7_; 7 ()@ < 0, the interconnected semi-Markovian control system (10)
with partially accessible TRs and dynamic METM is stochastically stable. Considering the partially accessible
transition rates, we will get the corresponding conclusion from the following three cases.

Case 1. If Ay # Oand A\, # 0, m € N\, > denote Ax = Xjep,  Tmi(h) . Since A\, # O, then one
derives that Ax < 0, thus }};_, 7,,,;(h)Pi can be presented as

_ ﬂ'ml(h)
an,(hmz =2+ Y m(Pa= 30w WPy =4 3 P (25)
L€Nm 1€ N\muk 1€ A,k 1€ Nomuk
Obviously, there exists 0 < ”’f’—/l(kh) <1 € Npuk) and Ziep ”’f’—/l(:’) = 1. So forVj € A, .k thereis
- _ ﬂml(h)
Zﬂ'ml(h)pil = Z A ( Z Tt (h) (Pir = Pij))- (26)

=1 L€ N\ muk L€ N\m.k
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According to Schur complement, it is inferred that (14) is equivalent to IT;, < 0 and (15) is equivalent to
-Q; + Z?:] Tt (M@ < 0.

Case2. If \,, ; # 0and A\, # 0, m € A\, k> denote A = Yyep  Tmi(h). Since A\, # 0, we know that
Ax > 0, thus 33)_ | 7, (h)Pi can be presented as

D am (P = > (WP + tm (NP + D T (DPy
=1

L€\ m.k L€ Nk 1#Fm

= Z ”ml(h)Pil + ﬂmm(h)Pim - (ﬂ'mm(h) +/lk)

1€ A,k L€ N\ pp,uksl#m

ﬂ'ml(h) (27)

. . it (h i (B : :
It is obvious that 0 < #(h))—/lk < 1€ Apau) and Tiep, #(h))—ﬁk =1.SoforVj € A, J # m, there
is

s (R
Z T () Py = Z #fz))—/lk( Z i (B) (Pit = Pij) + Tmm (h) (P — Pij)). (28)
=1 1€ N i 1#Em 1€ m.x

By applying Schur complement and 7,,,,, (h) = — Zle’lim 71 (h), it is deduced that (16), (17) are equivalent
to IT;,, < 0 and (18) is equivalent to —Q; + X7_; My (h)Q; < 0.

Case3. If A\, = 0and A,k # 0, m € A, k> assume there exists [ # m and [ € A, . Denote A; =
Tmm (h) = ammy (h). Noting that Ay < 0, 33)_; 7, (h)P; can be presented as

”ml(h)
_/11{

D (WP = T (W) Pim + D Tt (WPit = Tun ()P —

=1 1€ A\ il #m Le N uksl#m

Pir- (29)
It is obvious that Yjep 12m Tmi(h) = —7mm (h) = =4 > 0. So for Vj € A, 4k, j # m, there is

Z ﬂrnl(h)Pil = Z ﬂ-'il—/l(kh)[nmm(h)(Ptm - Pl)] = ﬂmm(h)(Pim - Pij) = am”ll(h)(Pim - Pij)- (30)
=1

le/\m,uk’l¢m

By applying Schur complement and 7,,,,, () = — Z;:l,l,fm 71 (h) , we konw that (19) is equivalent to IT;, < 0.

In summary, if inequalities (14) — (19) hold, the interconnected semi-Markovian control system (10) with
partially accessible TRs and dynamic METM is stochastically stable.

Remark 3. Theorem 1 designed sufficient conditions to ensure (10) is stochastically stable. However, it is dif-
ficult to directly use this result to acquire the controller gain matrices. Theorem 2 gives a LMI-based sufficient
criterion for the solvability.

Theorem 2. For given a positive real number 7y > 0,a; > 0,y > 0,80 > 0,&; >0(j =1,2,3,--- ,M +3),
u;i € (0,1) and 7y, (h) € [z, T, the system (10) with partially accessibl_e TRs arEI dynamic METM is
stochastically stable if there are positive symmetric matrices X;,, > 0, Yl‘fn >0,Qi, >0,Q;, >0,R;, >0,Q; >0,

and matrices K?

e §1,~, gzi, §3i and §4l~ with proper dimensions, such that the linear matrix inequalities hold:
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Case 1. If A\, # 0and A\, ,x # 0, m € \,, 4, forVj € A, x> we have

Bimm ~ * * * * * . N . By
Ty Tim . ' . . .
Ty 0 o®) - : ' . .
r,, O 0  &2®(R) - * . * *
FZW} 0 0 0 e3®(R;) * x * * .
_im 0 0 0 8,‘4@(%,-) * o % <Y, (31)
f:’)’i 0 0 g,-,M+3<I)(7_€i) >ii *
T 0o o 0 0 0 . 0 R«
—81 N
m 00 0 0 0o ... 0 0 R
Etm m * * * * * % % s
—1l =12
12’? Lim * * * * % o o
L, 0 ®®R) = * . " £
i’lf 0 0  end®R) = . ) L s
I11'm 0 0 8[3@(R,~) * * % %
T 0 0 0 0 £is®(R;) * o x| <0 (32)
—6 ’ o :
1—‘im 0 0 Ei,M+3(D(Ri) >kv *
f;,,} 0 0 0 0 0 . 0 R x
Fim O 0 0 O 0 e O 0 _ﬁi_
-Q; + DR Tt () (Qi — Qi) <0, (33)
-Qi+ 2iep,,, Tml(h) (Qi - Qi) <0, (34)

where

Em i ; * * * * * %
0 ':'im,ﬁ k k ES %k * *
=31 =33
=im 0 Sim * * * * %
=41 =43 =44
Sim 0 Sim —im * * * *
= =51 =53 =54 =55
Zimgn = ig,ll 0 :.lﬁn; Sim  Sim " * - % ,
Eim 0 E‘im _84[ S4i E‘im * Ce «
=71 —77
Zim 0 0 0 0 0 B, %
ZM+6.1 —M+6,M+6
Sim 0 0 0 0 0 0 Eim
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r—11
Eimm o s s 3 3 s cen %
-
0 Bimm * * * * *
—31 —33
Zim 0 Zim * * * * o *
! =43 =M
Sim 0 Sim Sim * * * *
— —51 —53  —54 =55
Simm = | S 0 Sim o Sim Sim * * U * ’
—61 —63 = = =66
Sim 0 Sim -S4 Sai Sim * e *
—71 —77
Eim 0 0 0 0 0o &, - *
=M+6,1 =M+6,M+6
=, o 0 0 0 0 0 =

Eimg = SYM{Aim Xim} + Qim + Ty Qi — 4(1 + )R, + Z Tmi (h) (Xir = Xij),

le/\m,k
—» _
B = SYM{Aim Xim } + Z T (h) (Xi = Xij),
LENm i
Eimm = SYM{Aim Xim} + Qim + T Qi — 4(1 + p)R; + Z 7 () (X = Xij),
le/\m,k

=2
Eimm = Sym{Aim Xim} + Z 7 (W) (X = Xij).
leNm i

Case2. If A\, ; #0and A\, . # 0, m € A\, x> forVj € A, x> we have

Simm * * * * * * * *
=11 =12

l21111 Lip * * * * .- * * *
_l{? 0 (I)(ﬁl-) * % % * % %
I, 0 0  en®(R) * * e * * *
—41 —

| R 0 0 0 en®(R;) * e i * *
=51 —

w00 0 0 ewd®) s soow |50 6
61 g

Fim 0 8[,M+3(I)(R[) * *
T o 0 R, #
T, 0 0 0 0 -R
éim,m % 3k k k k % 3k k
—=l11 =12

im Lim * * * * * * *
F,S,,IL 0 ®(R) * * * * * *
Fim 0 0 en®(R;) * * * * *
ﬁ‘,i 0 0 0 s,-3CI>(§,-) * * * *
B0 0 0 0 eudR) ; . | <0 G
—61 ' o

Lim 0 eimp3®(R;) = *
FZ,:Z 0 0 —R; *
—81 N
| R 0 0 0 R
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Xim — Xij 2 0,Qim — Qi 2 0,

-Q; + ity Tmi(h) Qi - Qi) <0,
~Qi+ Tiep,,, T (M) Qi = Qi) <0,

where
=L % * * * % %
im,im )
0 522 — * * * * *
im,im
=31 —33
Zim 0 Sim * * * *
=41 =43 =44
Sim 0 Eim Bim * * *
=51 —53 =54 =55
Eimin = ft6m 0 En B En ”; *
—61 —63 = = =66
Zim 0 =im -S4 Su =im *
—71 —77
Eim 0 0 0 0 0 &,
=M+6,1
=" O 0 0 0 0 0
=l * * * * * *
im,m
=22
0 :‘im,m * * * * £
=31 —33
Zim 0 Sim * *
=41 =43 =44
Zim 0 Sim —im *
- —51 53  —54 —55
im,m = igm 0 :‘%m Zim —im *6 *
B 0 ZE, -S4 Su &, =
=71 =77
Eim 0 0 0 0 0 &,
=M+6,1
=" O 0 0 0 0 0
Ell

lE/\m,k
=22 = —
':‘im,ﬁ - Sym{ﬂimxim} + Z ”nzl(h)(xil - Xz'j) + ﬂmnz(h)(Xim - Xij),
le/\m,k
Ellnl@ = sym{Aim Xim} + Qum + Qi — 4(1 + ) R; + Z 7 (W) (Xir = Xij

le/\m,k

Elznzzm = sym{Aim Xim} + Z 7 () (X = Xij) + 7, (h) (Xim — Xij)-
Ie/\m,k

i = SYMAA i Xim } + Qim + T Q; — 4(1 + ) R; + Z Tt (M) (Xit = Xij) + Tum (h) (Ximm = Xij)s

() (Xim = Xij),

http://dx.doi.org/10.20517/ces.2023.10

(37)
(38)
(39)
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Case3. If A\, 1 =0, \pyur # 0,m € )\, 1> and there exist / # m and / € A, ,x, we have

—.'élm’m * * * * * * * *
—11 —=12
izm | R, * * * * * * *
—21 —
Lim 0 @R * * * * * %
—31 —
i 0 0 en®(R;) * * * * *
—41 —
| 0 0 0 en®(R;) * * * *
—51 — <0 40
S S 0 0 eud(R) ; . s . (40)
—61 —
r,, O 0 0 eima3®@Ri) o+ x
Fim 0 —Rl’ *
—81 N
i 0 0 0 0 —R;
where
=11 * * * * * * *
im,m .
0 =22 * % % % % %
im,m
—31 =33
Eim 0 Eim % % % % %
=4 =43 =M
Eim,m = Zim 0 Sim Sim Zim * * * .
=01 =03 I, Q. =
—71 —77
Eim 0 0 0 0 0o &, - *
=M+6,1 =M+6,M+6
Zin 0 0 0 0 0 0 Eim

é:ilnlq,m = sym{ﬂimxim} +aim + TMai - 4(1 + /li)ﬁi + amﬂ'll(h)(xim - Xij),
R Sym{ﬂimXim} + amﬂ'll(h)(xz’m - Xij)‘

—im,m
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M

= Z YITBL = 2(1 + u)R; - S1i — Sy - S3 - Sui,
B = —2(4+ p)R; +281; — 285 + 285 — 284, Fp _sl, + S0 — Sa — Sar,
5?2 =22 - )R = S1i + Sai + S3i - S4i,§?m = —Qim —4(2 - )R,
B =Sy + 54,52 ——83,+S4,+3(2 1) Ris By = 3(2 = 1) Ris By = =3(2 = )R,
B = 3(1+ u) R B = S+ 3(1+ )Ry, Boe = =3(1 + )R,
§l7n11 y! TBsz’E _00y1§l’HM+61 _ YMTBzTrm :M+6 M6 _ — Oy,
_},},z[ximggm 00000 O o],
_1'11721 = —(N - ) 'diag{e;;' Xim, - -- ,3_-|1Xim,j¢i e Xim )
B =ty [AinXin 0 B XM Y0 000 0 By, B M|
o= [AmXsw 0 0 0 0 0 0 o,
Tw=mw [0 0 B XM 8 0 0 0 0 |,
To=m[0 0000 0 Byl 0],
To=m[0 000000 By Y],
T =ty [GimXim 0 0 0 0 0 0 - 0],

~

Ri=—(N—-1)""diag{(1 +&epn + &3 +-

J(1+ena+ens+- - +enus) ' @Ry)},

D(R)) = 20 Xim + & R, 1= {1, j(j #0),-- . N},
0 0 31,‘ + 33,' —31,- + §3i _§3i 0
=81 0 0 82,' + S4i —82,' + 84,' —841' 0
m S1,+S3l 0 —81,'+S3i 0 0 —Sgi
Soi+8s 0 —Sy+S8y 0 0 -S4

ot Ems) PR,

(1 +eptept- +gj,M+3)_l®(ﬁj),j *1,

o O O O
o O O O

R, = diag{~(1 — )" Ri. =3(1 = 1) "' Re, —7 ' Re, =307 'Ry }.

=y?x:1

Furthermore, the memory controller gain matrix is K =Y X; 1.

_701

lm’

Proof Deﬁne Xim

then pre-multiplying and post-multiplying (15),(17),(20) with diag{Xim, - - -

Xll‘f’l > Rl_l

R R R R R lev les sz’ Xm} reSPGCUVel}’, and define Ylm = Kthtm’ le = leRIlem’ th =
lelelea Sll = leSltlea 821 = leSZtlea 831 = Xm1S3tXmu 841 = leS4l im»s Qi = szQ XtmsQ =

Xim€ Xim.

According to Schur complement and Lemma 2, and considering 7,,;(h) € [x,,(h), Tm(h)],

(31),(32), (35), (36), (40) can be obtained. This completes the proof.

Remark 4. For a given dwell time £, the TR 7,,;(h) can be regarded as a linear combination of its upper and
lower bounds, namely 7, (h) = B17mi (h) + B2z, (h), where 81 + 82 = 1 and B1 > 0, 5> > 0. We can change

B1 and B, to get the corresponding value of 7, (h).

Remark 5. Theorem 2 presents a solution algorithm in terms of linear matrix inequality to obtain the con-

troller gains. However, the transition probability in Case 3 is completely unknown. We introduce a,,7;; (1) to
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replace the unknown 7,,,,, (1), in which a,, is a parameter to be estimated. If this case exists, we can obtain the
estimation value of parameter a,, by employing the optimization algorithm in [24],

4. SIMULATION EXAMPLE

This section will give an example to verify the feasibility of the above theoretical results. We consider a
semi-Markovian interconnected system composed of three subsystems, and the relevant parameters are as
follows 2%

0o 5 0 0 5
F = [981 ]ﬂ” [0.31 —1]’ﬂ21_[—9.81 —14] Az = [0.31 —1.4]’

0 5 0 5 0 0
ﬂ31=[ },ﬂn:[ },311=312=[ ],821=322=[ ]

-9.81 -0.5 -0.31 -0.5 0.5 0.4
0 O 0 0 0 O
B3 =83 = [0 33] Gl = [1 } Gin = [1 O] ,Goi1 = [0 g 0] Grin = [0.8 O] ,
0 0O O
G = [05 0] Giio = [0.5 O]'

? ?
mo1(h)  ma(h)
known transition probability, and 72 (k) € [0.4,0.7], w22 (h) € [-0.6, -0.3]. The scalars and positive matrix
are chosen as 7py = 0.1,a,, = 0.5,y = 0.8,&;1 = & = €3 = gia = 1,74 = 20 and R; = I, respectively. By solv-
ing LMIs in Theorem 2, the weighting matrices in equation (4) are Q; = 0.3844,Q, = 0.3839,Q3 = 0.3792,
and the corresponding controller gains are

The transition probability matrix of system (10) is [ }, where ”?” represents a completely un-

K|, =[0.1456 -0.2717] K}, = [-0.2089 -0.3153],
K|, =[-3.5900 -15.3939],K7, = [-3.6974 -15.8393],
Ky, = [0.1452 -0.2697] K3, = [-0.2548 -0.3342],
Ky, =[-2.6929 -12.1132] K3, = [-2.7779 -12.4794],
K3, = [0.2304 -0.2927] K3, = [-0.1659 -0.3184],

Ky, =[-1.9339 -12.7768] K3, = [-1.9851 —13.0934].

The initial conditions are given as x;(0) = [—0.45 O.SS]T ,x2(0) = [0.5 —O.S]T ,x3(0) = [—0.95 O.SS]T.
Figure 2 shows the states response of dynamic METM with M=2. To illustrate the effectiveness of the designed
method, Figure 3 presents the state’s response without control input. Figure 4 plots the control input of the sys-
tems. Figure 5 shows the switching states of the semi-Markovian process. Figure 6 depicts the data-releasing
instants and intervals of dynamic METM with M=2. Figure 7 describes the instants and intervals of memory-
less ETM (the case of M = 1). From Figure 6 and Figure 7, we can see that the event-triggered times for M=2
are significantly less than the case of M=1, which illustrates that the dynamic METM has more advantages in
reducing the number of released signals.

5. CONCLUSION

In this paper, a dynamic METM has been drawn for the decentralized control of interconnected semi-Markovian
systems with partially accessible TRs. Considering both the dynamic METM and partially accessible TRs, a
new kind of interconnected semi-Markovian system model has been designed. By applying the Lyapunov
function theory and the LMI techniques, some sufficient conditions have been obtained to ensure the pro-
posed system is asymptotical stability. Meanwhile, the controller gain matrices and the parameters of dynamic
METM are also solved simultaneously. Finally, a simulation example has been used to verify the effectiveness
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Figure 2. The state's response of dynamic METM with M = 2. METM: memory event-triggered mechanism.

State Response

03

02

01

Control Input

02

03

04

Time(s)

Figure 3. The state's response without control input.

10

—ult)
—uylt)
u(t)

2 3 4 5 6 7
Time(s)

Figure 4. The control input of the three systems.

10

of the developed method, which illustrates the proposed dynamic METM can save more network resources


http://dx.doi.org/10.20517/ces.2023.10

Tan et al. Complex Eng Syst 2023;3:6 | http://dx.doi.org/10.20517/ces.2023.10 Page 21 of 23

I T R imée(s)é s s w
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P T e L e 0 1]

T bt DL L [ 0]
Titne(s)

Figure 6. The data-releasing instants and intervals of dynamic METM with M = 2. METM: memory event-triggered mechanism.

St g L 0T T
EGOTT 1THUTW’W M TATTMTJ L’ HMJTTB ?ITTTTTWHJ
L L kbl D i

Figure 7. The instants and intervals of memoryless ETM (the case of M =1). ETM: event-triggered mechanism.

than the memoryless event-triggered mechanism.
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In the future, we will pay attention to the distributed memory event-triggered control design for interconnected
systems via the observer method. Moreover, the memory event-triggered security control problem for the
interconnected Markovian jump systems with cyber attacks is also an interesting issue, which is left to be
developed.
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Please use professional software to produce high-quality video files, to facilitate acceptance and publication along with
the submitted article. Upload the videos in mp4, wmv, or rm format (preferably mp4) and audio files in mp3 or wav format.

2.4.5 Figures
Figures should be cited in numeric order (e.g., Figure 1, Figure 2) and placed after the paragraph where it is first cited;

Figures can be submitted in format of TIFF, PSD, Al, EPS or JPEG, with resolution of 300-600 dpi;
Figure caption is placed under the Figure;

Diagrams with describing words (including, flow chart, coordinate diagram, bar chart, line chart, and scatter diagram, etc.)
should be editable in word, excel or powerpoint format. Non-English information should be avoided;

Labels, numbers, letters, arrows, and symbols in figure should be clear, of uniform size, and contrast with the background;

Symbols, arrows, numbers, or letters used to identify parts of the illustrations must be identified and explained in the
legend;

Internal scale (magnification) should be explained and the staining method in photomicrographs should be identified;
All non-standard abbreviations should be explained in the legend;

Permission for use of copyrighted materials from other sources, including re-published, adapted, modified, or partial
figures and images from the internet, must be obtained. It is authors’ responsibility to acquire the licenses, to follow any
citation instruction requested by third-party rights holders, and cover any supplementary charges.

2.4.6 Tables
Tables should be cited in numeric order and placed after the paragraph where it is first cited;

The table caption should be placed above the table and labeled sequentially (e.g., Table 1, Table 2);
Tables should be provided in editable form like DOC or DOCX format (picture is not allowed);
Abbreviations and symbols used in table should be explained in footnote;

Explanatory matter should also be placed in footnotes;

Permission for use of copyrighted materials from other sources, including re-published, adapted, modified, or partial tables
from the internet, must be obtained. It is authors’ responsibility to acquire the licenses, to follow any citation instruction
requested by third-party rights holders, and cover any supplementary charges.

2.4.7 Abbreviations

Abbreviations should be defined upon first appearance in the abstract, main text, and in figure or table captions and used
consistently thereafter. Non-standard abbreviations are not allowed unless they appear at least three times in the text.
Commonly-used abbreviations, such as DNA, RNA, ATP, etc., can be used directly without definition. Abbreviations in
titles and keywords should be avoided, except for the ones which are widely used.

2.4.8 Italics

General italic words like vs., et al., etc., in vivo, in vitro; t test, F test, U test; related coefficient as r, sample number as n,
and probability as P; names of genes; names of bacteria and biology species in Latin.
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2.4.9 Units
SI Units should be used. Imperial, US customary and other units should be converted to SI units whenever possible. There
is a space between the number and the unit (i.e., 23 mL). Hour, minute, second should be written as h, min, s.

2.4.10 Numbers

Numbers appearing at the beginning of sentences should be expressed in English. When there are two or more numbers
in a paragraph, they should be expressed as Arabic numerals; when there is only one number in a paragraph, number < 10
should be expressed in English and number > 10 should be expressed as Arabic numerals. 12345678 should be written as
12,345,678.

2.4.11 Equations
Equations should be editable and not appear in a picture format. Authors are advised to use either the Microsoft Equation
Editor or the MathType for display and inline equations.

Display equations should be numbered consecutively, using Arabic numbers in parentheses;
Inline equations should not be numbered, with the same/similar size font used for the main text.

2.4.12 Headings
In the main body of the paper, three different levels of headings may be used.

Level one headings: they should be in bold, and numbered using Arabic numbers, such as 1. INTRODUCTION, and 2.
METHODS, with all letters capitalized;

Level two headings: they should be in bold and numbered after the level one heading, such as 2.1 Statistical analyses,
2.2 ..., 2.3.., etc., with the first letter capitalized;

Level three headings: they should be italicized, and numbered after the level two heading, such as 2.1.1 Data distributions,and
2.1.2 outliers and linear regression, with the first letter capitalized.

2.4.13 Text Layout
As the electronic submission will provide the basic material for typesetting, it is important to prepare papers in the general
editorial style of the journal.

The font is Times New Roman;

The font size is 12pt;

Single column, 1.5x line spacing;

Insert one line break (one Return) before the heading and paragraph, if the heading and paragraph are adjacent, insert a
line break before the heading only;

No special indentation;

Alignment is left end,;

Insert consecutive line numbers;

For other details please refer to the Manuscript Templates.

2.5 Submission Link
Submit an article via https:/oaemesas.com/login?Journalld=comengsys.

3. Research and Publication Ethics

3.1 Research Involving Human Subjects

All studies involving human subjects must be in accordance with the Helsinki Declaration and seek approval to conduct the
study from an independent local, regional, or national review body (e.g., ethics committee, institutional review board, efc.).
Such approval, including the names of the ethics committee, institutional review board, efc., must be listed in a declaration
statement of Ethical Approval and Consent to Participate in the manuscript. If the study is judged exempt from ethics
approval, related information (e.g., name of the ethics committee granting the exemption and the reason for the exemption)
must be listed. Further documentation on ethics should also be prepared, as Editors may request more detailed information.
Manuscripts with suspected ethical problems will be investigated according to COPE Guidelines.

3.1.1 Consent to Participate

For all studies involving human subjects, informed consent to participate in the studies must be obtained from participants,
or their parents or legal guardians for children under 16. Statements regarding consent to participate should be included in a
declaration statement of Ethical Approval and Consent to Participate in the manuscript. If informed consent is not required,
the name of the ethics committee granting the exemption and the reason for the exemption must be listed. If any ethical
violation is found at any stage of publication, the issue will be investigated seriously based on COPE Guidelines.
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3.1.2 Consent for Publication

All articles published by OAE are freely available on the Internet. All manuscripts that include individual participants’
data in any form (i.e., details, images, videos, efc.) will not be published without Consent for Publication obtained from that
person(s), or for children, their parents, or legal guardians. If the person has died, Consent for Publication must be obtained
from the next of kin. Authors must add a declaration statement of Consent for Publication in the manuscript, specifying
written informed consent for publication has been obtained.

3.1.3 Trial Registration

OAE requires all authors to register all relevant clinical trials that are reported in manuscripts submitted. OAE follows the
World Health Organization (WHO)’s definition of clinical trials: “A clinical trial is any research study that prospectively
assigns human participants or groups of humans to one or more health-related interventions to evaluate the effects on
health outcomes. Interventions include but are not restricted to drugs, cells, other biological products, surgical procedures,
radiologic procedures, devices, behavioral treatments, process-of-care changes, preventive care, etc.”.

In line with International Committee of Medical Journal Editors (ICMJE) Recommendations, OAE requires the registration
of clinical trials in a public trial registry at or before the time of first patient enrollment. OAE accepts publicly accessible
registration in any registry that is a primary register of the WHO International Clinical Trials Registry Platform or in
ClinicalTrials.gov. The trial registration number should be listed at the end of the Abstract section.

Secondary data analyses of primary (parent) clinical trials should not be registered as a new clinical trial, but rather
reference the trial registration number of the primary trial.

Editors of OAE journals will consider carefully whether studies failed to register or had an incomplete trial registration.
Because of the importance of prospective trial registration, if there is an exception to this policy, trials must be registered
and the authors should indicate in the publication when registration was completed and why it was delayed. Editors will
publish a statement indicating why an exception was allowed. Please note such exceptions should be rare, and authors
failing to prospectively register a trial risk its inadmissibility to OAE journals.

Authors who are not sure whether they need trial registration may refer to ICMJE FAQs for further information.

3.2 Research Involving Animals

Experimental research on animals should be approved by an appropriate ethics committee and must comply with
institutional, national, or international guidelines. OAE encourages authors to comply with the AALAS Guidelines,
the ARRIVE Guidelines, and/or the ICLAS Guidelines, and obtain prior approval from the relevant ethics committee.
Manuscripts must include a statement indicating that the study has been approved by the relevant ethical committee and the
whole research process complies with ethical guidelines. If a study is granted an exemption from requiring ethics approval,
the name of the ethics committee granting the exemption and the reason(s) for the exemption should be detailed. Editors
will take account of animal welfare issues and reserve the right to reject a manuscript, especially if the research involves
protocols that are inconsistent with commonly accepted norms of animal research.

3.3 Research Involving Cell Lines

Authors must describe what cell lines are used and their origin so that the research can be reproduced. For established cell
lines, the provenance should be stated and references must also be given to either a published paper or to a commercial
source. For de novo cell lines derived from human tissue, appropriate approval from an institutional review board or
equivalent ethical committee, and consent from the donor or next of kin, should be obtained. Such statements should be
listed on the Declaration section of Ethical Approval and Consent to Participate in the manuscript.

Further information is available from the International Cell Line Authentication Committee (ICLAC). OAE recommends
that authors check the NCBI database for misidentification and contamination of human cell lines.

3.4 Research Involving Plants

Experimental research on plants (either cultivated or wild), including collection of plant material, must comply with
institutional, national, or international guidelines. Field studies should be conducted in accordance with local legislation,
and the manuscript should include a statement specifying the appropriate permissions and/or licenses. OAE recommends
that authors comply with the [IUCN Policy Statement on Research Involving Species at Risk of Extinction and the Convention
on the Trade in Endangered Species of Wild Fauna and Flora.

For each submitted manuscript, supporting genetic information and origin must be provided for plants that were utilized. For
research manuscripts involving rare and non-model plants (other than, e.g., Arabidopsis thaliana, Nicotiana benthamiana,
Oriza sativa, or many other typical model plants), voucher specimens must be deposited in a public herbarium or other
public collections providing access to deposited materials.
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3.5 Publication Ethics Statement
OAE is a member of the Committee on Publication Ethics (COPE). We fully adhere to its Code of Conduct and to its Best
Practice Guidelines.

The Editors of this journal enforce a rigorous peer-review process together with strict ethical policies and standards to
guarantee to add high-quality scientific works to the field of scholarly publication. Unfortunately, cases of plagiarism, data
falsification, image manipulation, inappropriate authorship credit, and the like, do arise. The Editors of CES take such
publishing ethics issues very seriously and are trained to proceed in such cases with zero tolerance policy.

Authors wishing to publish their papers in CES must abide by the following:

The author(s) must disclose any possibility of a conflict of interest in the paper prior to submission;

The authors should declare that there is no academic misconduct in their manuscript in the cover letter;

Authors should accurately present their research findings and include an objective discussion of the significance of their
findings;

Data and methods used in the research need to be presented in sufficient detail in the manuscript so that other researchers
can replicate the work;

Authors should provide raw data if referees and the Editors of the journal request;

Simultaneous submission of manuscripts to more than one journal is not tolerated;

Republishing content that is not novel is not tolerated (for example, an English translation of a paper that is already
published in another language will not be accepted);

The manuscript should not contain any information that has already been published. If you include already published
figures or images, please get the necessary permission from the copyright holder to publish under the CC-BY license;

Plagiarism, data fabrication and image manipulation are not tolerated;

Plagiarism is not acceptable in OAE journals.

Plagiarism involves the inclusion of large sections of unaltered or minimally altered text from an existing source without
appropriate and unambiguous attribution, and/or an attempt to misattribute original authorship regarding ideas or results,
and copying text, images, or data from another source, even from your own publications, without giving credit to the source.
As to reusing the text that is copied from another source, it must be between quotation marks and the source must be cited.
If a study’s design or the manuscript’s structure or language has been inspired by previous studies, these studies must be
cited explicitly.

If plagiarism is detected during the peer-review process, the manuscript may be rejected. If plagiarism is detected after
publication, we may publish a Correction or retract the paper.

Falsification is manipulating research materials, equipment, or processes, or changing or omitting data or results so that the
findings are not accurately represented in the research record.

Image files must not be manipulated or adjusted in any way that could lead to misinterpretation of the information provided
by the original image.

Irregular manipulation includes: introduction, enhancement, moving, or removing features from the original image;
grouping of images that should be presented separately, or modifying the contrast, brightness, or color balance to obscure,
eliminate, or enhance some information.

If irregular image manipulation is identified and confirmed during the peer-review process, we may reject the manuscript.
If irregular image manipulation is identified and confirmed after publication, we may publish a Correction or retract the

paper.

OAE reserves the right to contact the authors’ institution(s) to investigate possible publication misconduct if the Editors find
conclusive evidence of misconduct before or after publication. OAE has a partnership with iThenticate, which is the most
trusted similarity checker. It is used to analyze received manuscripts to avoid plagiarism to the greatest extent possible.
When plagiarism becomes evident after publication, we will retract the original publication or require modifications,
depending on the degree of plagiarism, context within the published article, and its impact on the overall integrity of the
published study. Journal Editors will act under the relevant COPE guidelines.

4. Authorship
Authorship credit of CES should be solely based on substantial contributions to a published study, as specified in the
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following four criteria:

1. Substantial contributions to the conception or design of the work, or the acquisition, analysis, or interpretation of data
for the work;

2. Drafting the work or revising it critically for important intellectual content;

3. Final approval of the version to be published;

4. Agreement to be accountable for all aspects of the work in ensuring that questions related to the accuracy or integrity
of any part of the work are appropriately investigated and resolved.

All those who meet these criteria should be identified as authors. Authors must specify their contributions in the section
Authors” Contributions of their manuscripts. Contributors who do not meet all the four criteria (like only involved in
acquisition of funding, general supervision of a research group, general administrative support, writing assistance, technical
editing, language editing, proofreading, efc.) should be acknowledged in the section of Acknowledgement in the manuscript
rather than being listed as authors.

If a large multiple-author group has conducted the work, the group ideally should decide who will be authors before the
work starts and confirm authors before submission. All authors of the group named as authors must meet all the four criteria
for authorship.

Al and Al-assisted technologies should not be listed as an author or co-author.

5. Reviewers Exclusions

You are welcome to exclude a limited number of researchers as potential Editors or reviewers of your manuscript. To ensure
a fair and rigorous peer review process, we ask that you keep your exclusions to a maximum of three people. If you wish
to exclude additional referees, please explain or justify your concerns—this information will be helpful for Editors when
deciding whether to honor your request.

6. Editors and Journal Staff as Authors

Editorial independence is extremely important and OAE does not interfere with Editorial decisions. Editorial staff or
Editors shall not be involved in processing their own academic work. Submissions authored by Editorial staff/Editors
will be assigned to at least three independent outside reviewers. Decisions will be made by the Editor-in-Chief, including
Special Issue papers. Journal staff are not involved in the processing of their own work submitted to any OAE journals.

7. Policy of the Use of Al and Al-assisted Technologies in Scientific Writing

Generative Al and Al-assisted technologies (e.g., large language models) are expected to be increasingly used to create
content. In the writing process of manuscripts, using Al and Al-assisted technologies to complete key researcher work,
such as producing scientific insights, analyzing and interpreting data or drawing scientific conclusions, is not allowed, and
they should only be used to improve the readability and language of manuscripts.

Al and Al-assisted technologies should be used under human control and supervision as they may generate incorrect or
prejudiced output, and they should not be listed as an author or co-author, nor cited as an author.

The use of Al and Al-assisted technologies should be disclosed by authors in their manuscripts, and a statement will be
required in the final publication.

OAE will keep monitoring the development and adjust the policy when necessary.

8. Conflict of Interests

OAE journals require authors to declare any possible financial and/or non-financial conflicts of interest at the end of their
manuscript and in the cover letter, as well as confirm this point when submitting their manuscript in the submission system.
If no conflicts of interest exist, authors need to state “All authors declared that there are no conflicts of interest”. We also
recognize that some authors may be bound by confidentiality agreements, in which cases authors need to state “All authors
declared that they are bound by confidentiality agreements that prevent them from disclosing their competing interests in
this work”. OAE will keep monitoring the development and adjust the policy when necessary.

9. Editorial Process

9.1 Pre-Check

New submissions are initially checked by the Managing Editor from the perspectives of originality, suitability, structure
and formatting, conflicts of interest, background of authors, efc. Poorly prepared manuscripts may be rejected at this stage.
If your manuscript does not meet one or more of these requirements, we will return it for further revisions.
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Once your manuscript has passed the initial check, it will be assigned to the Assistant Editor, and then the Editor-in-Chief,
or an Associate Editor in the case of a conflict of interest, will be notified of the submission and invited to review. Regarding
Special Issue paper, after passing the initial check, the manuscript will be successively assigned to the Assistant Editor, and
then to the Editor-in-Chief, or an Associate Editor in the case of conflict of interest for the Editor-in-Chief to review. The
Editor-in-Chief, or the Associate Editor may reject manuscripts that they deem highly unlikely to pass peer review without
further consultation. Once your manuscript has passed the Editorial assessment, the Associate Editor will start to organize
peer-review.

All manuscripts submitted to CES are screened using CrossCheck powered by iThenticate to identify any plagiarized
content. Your study must also meet all ethical requirements as outlined in our Editorial Policies. If the manuscript does not
pass any of these checks, we may return it to you for further revisions or decline to consider your study for publication.

9.2 Peer Review

CES operates a single-blind review process, which means that reviewers know the names of authors, but the names of
the reviewers are hidden from the authors. The scientific quality of the research described in the manuscript is assessed
by a minimum of three independent expert reviewers. The Editor-in-Chief is responsible for the final decision regarding
acceptance or rejection of the manuscript.

All information contained in your manuscript and acquired during the review process will be held in the strictest confidence.

9.3 Decisions

Your research will be judged on scientific soundness only, not on its perceived impact as judged by Editors or referees.
There are three possible decisions: Accept (your study satisfies all publication criteria), Invitation to Revise (more work is
required to satisfy all criteria), and Reject (your study fails to satisfy key criteria and it is highly unlikely that further work
can address its shortcomings). All of the following publication criteria must be fulfilled to enable your manuscript to be
accepted for publication:

Originality
The study reports original research and conclusions.
Data availability
All data to support the conclusions either have been provided or are otherwise publicly available.
Statistics
All data have been analyzed through appropriate statistical tests and these are clearly defined.
Methods
The methods are described in sufficient detail to be replicated.
Citations
Previous work has been appropriately acknowledged.
Interpretation
The conclusions are a reasonable extension of the results.
Ethics

The study design, data presentation, and writing style comply with our Editorial Policies.

9.4 Revisions

Authors are required to submit the revised manuscript within one week if minor revision is recommended while two weeks
if major revision recommended or one month if additional experiments are needed. If authors need more than one month to
revise their manuscript, we usually require the authors to resubmit their paper. We request that a document of point-to-point
response to all comments of reviewers and the Editor-in-Chief or the Associate Editor should be supplied along with the
revised manuscript to allow quick assessment of your revised manuscript. This document should outline in detail how each
of the comments was addressed in the revised manuscript or should provide a rebuttal to the criticism. Manuscripts may or
may not be sent to reviewers after revision, dependent on whether the reviewer requested to see the revised version. Apart
from in exceptional circumstances, CES only supports a round of major revision per manuscript.
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Journal Contact
Complex Engineering Systems Editorial Office
Suite 1504, Tower A, Xi’an National Digital Publishing Base, No. 996 Tiangu 7th Road, Gaoxin District, Xi’an 710077,

Shaanxi, China.
Wen Zhang

Managing Editor
editorial@comengsys.com
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